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Abstract
A recent provisional solution of the quantum-corrected field equations of d = 11 super-
gravity on flat R4 times a compact hyperbolic 7-manifold H¯7, in the presence of mag-
netic 4-form fluxes wrapping 4-cycles of H¯7, is improved by showing that the curvature
radius B of H¯7 and the r.m.s. 4-form flux strength h each have a single stationary point
as the field redefinition parameter c is varied. Application of the principle of minimal
sensitivity then fixes c in a moderate range such that B and h1/3 vary by only 4% and
5% respectively over this range. The new best value of B is ≃ 0.28κ2/911 ≃ 1.2M−111 .
The low-lying bosonic Kaluza-Klein modes of the bulk are studied. The classically
massless harmonic 3-form modes of the 3-form gauge field, whose number is estimated
as roughly 1032 if the intrinsic volume of H¯7 is ∼ 1035, acquire a mass ≃ 0.2A
B
from
quantum corrections, where the warp factor A is fixed by the boundary conditions at
the Horˇava-Witten (HW) boundary to lie between about 0.7 and 0.9. They have axion-
like couplings to the SM gauge bosons. Their lifetimes range from about 10−27 seconds
to several hours depending on the distance of their centre from the HW boundary, and
they can decay along the beam line outside the interaction region at the LHC, with
a distribution that shows a power law rather than exponential decrease with distance
from the IP. Approximate exclusion limits are obtained from recent LHC data, and
discovery prospects at ATLAS and CMS are studied.
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1 Introduction
The weakness of the gravitational interaction relative to the strong and electroweak
interactions would have a natural explanation if there existed n ≥ 2 compact extra
spatial dimensions of volume ∼ 1031 TeV−n in which the gravitational field is diluted,
while the Standard Model (SM) fields are confined to a very small part of this region.
The mass defining the strength of gravity in 4+ n dimensions would then be around a
TeV [1, 2, 3].
The confinement of the SM fields to a small part of the 3 + n spatial dimensions
is natural in d = 11 supergravity [4], because the d = 11 supergravity multiplet does
not couple to any matter fields in 10+ 1 smooth dimensions, but can couple to matter
fields on various types of localized impurity, the simplest of which is a Horˇava-Witten
(HW) boundary [5, 6, 7, 8, 9, 10, 11].
If the 7 compact dimensions have the topology of a compact orientable hyperbolic
7-manifold H¯7 that admits a spin structure [12], then when the metric on them is
locally maximally symmetric, and their curvature is fixed, they are completely rigid
[13, 14, 15, 16, 17]. Their shape and size is determined by their topology, and they
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can be arbitrarily large. The number of distinct topologies for which their volume is
< V grows as V σV at large V , where σ > 0 is a constant [18, 19]. The SM fields can
be accommodated on a HW boundary R4 × H¯6 of R4 × H¯7, with a closed hyperbolic
Cartesian factor H¯6.
I shall use the notation and results of [20], with some improvements as follows.
In section 3 of [20], a provisional solution of the quantum-corrected Einstein equa-
tions of d = 11 supergravity on flat R4 times H¯7, in the presence of magnetic 4-form
fluxes HIJKL = ∂ICJKL − ∂JCKLI + ∂KCLIJ − ∂LCIJK of the 3-form gauge field CIJK
of d = 11 supergravity wrapping 4-cycles of H¯7, was obtained in the approximation
of working to leading order in the Lukas-Ovrut-Waldram (LOW) harmonic expansion
of the energy-momentum tensor on H¯7 [21]. The 4-form fluxes were assumed to be
proportional to harmonic 4-forms on H¯7, and thus to solve the classical CJS field equa-
tions for HIJKL, and the quantum corrections to those field equations were neglected.
The fluxes were assumed to be approximately uniformly distributed across H¯7, so that
the LOW expansion only needed to be applied over relatively small local regions of H¯7,
and to leading order in the LOW expansion, the flux bilinears were assumed to have
the form:
HABEFHCDGHG
EGGFH =
h2
B8
(GACGBD −GBCGAD) , (1)
where h ≥ 0 is a constant of dimension length3, B is the curvature radius of H¯7, and
GIJ is the d = 11 metric, which on H¯
7 has the form GAB = B
2g¯AB, where g¯AB is a
metric of constant sectional curvature −1 on H¯7. Coordinate indices I, J,K, . . . run
over all 11 dimensions, coordinate indices µ, ν, σ, . . . are tangential to the four extended
space-time dimensions, and coordinate indices A,B,C, . . . are tangential to H¯7. The
coordinates are xI =
(
xˇµ, x¯A
)
. The metric is mostly +, and units such that h¯ = c = 1
are used. The dependence on B is fixed by the fact that HABCD is independent of B,
because the integral of HABCDdx¯
Adx¯Bdx¯Cdx¯D over a 4-cycle of H¯7 is quantized, and
independent of B [22, 23].
The bosonic part of the quantum-corrected action on the 11-dimensional bulk was
assumed to have the form:
Γ
(bos)
SG = S
(bos)
CJS + Γ
(8,bos)
SG , (2)
where S
(bos)
CJS is the bosonic part of the classical action of d = 11 supergravity [4]:
S
(bos)
CJS =
1
2κ211
∫
B
d11xe
(
R − 1
48
HIJKLH
IJKL − 1
1442
ǫI1...I11(11) CI1I2I3HI4...I7HI8...I11
)
, (3)
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and for covariantly constant fluxes, the leading quantum correction Γ
(8,bos)
SG is a dimen-
sion 8 local term of the form [24]:
Γ
(8,bos)
SG =
1
147456π2κ211
(
κ11
4π
)4/3 ∫
B
d11xe
(
t8t8R˘
4 + Z − 1
6
ǫ11t8CR
4 + c
(
Z˜ − Z
))
.
(4)
Here B means the bulk, κ11 is the gravitational coupling constant in 11 dimensions,
e =
√−G is the determinant of the vielbein eIJˆ , where G is the determinant of the
metric GIJ , and the antisymmetric tensor ǫ
I1...I11
(11) is related to the SO (10, 1) invariant
tensor ǫIˆ1...Iˆ11(11) , with components 0,±1, by ǫI1...I11(11) = eI1 Jˆ1 . . . eI11 Jˆ11ǫJˆ1...Jˆ11(11) . Hatted
indices are local Lorentz indices. The Riemann tensor for the metric GIJ is defined
by:
RIJ
K
L = ∂IΓJ
K
L − ∂JΓIKL + ΓIKMΓJML − ΓJKMΓIML, (5)
where the standard Christoffel connection is ΓI
J
K =
1
2
GJL (∂IGLK + ∂KGLI − ∂LGIK),
and the Ricci tensor and scalar are defined by RIJ = RKI
K
J , and R = G
IJRIJ . The
modified Riemann tensor R˘IJKL is defined by:
R˘IJKL = RIJKL − 1
8
HIKMNHJL
MN +
1
8
HJKMNHIL
MN . (6)
The notation t8t8R˘
4 is a shorthand for
tI1I2J1J2K1K2L1L28 t
M1M2N1N2O1O1P1P2
8 R˘I1I2M1M2R˘J1J2N1N2R˘K1K2O1O2R˘L1L2P1P2, (7)
where tIJKLMNOP8 is a tensor built from G
IJ and antisymmetric in each successive pair
of indices, such that for antisymmetric tensors AIJ , BIJ , CIJ , and DIJ :
tIJKLMNOP8 AIJBKLCMNDOP =
= 8 (tr (ABCD) + tr (ACBD) + tr (ACDB))
−2 (tr (AB) tr (CD) + tr (AC) tr (BD) + tr (AD) tr (BC)) =
= 8 (AIJBJKCKLDLI + AIJCJKBKLDLI + AIJCJKDKLBLI)
− 2 (AIJBJICKLDLK + AIJCJIBKLDLK + AIJDJIBKLCLK) (8)
Repeated lower coordinate indices are understood to be contracted with an inverse
metric, for example AIJBJK ≡ AIJBJK = GJLAILBJK . Thus:
(9)
t8t8R˘
4 = 12 R˘IJMNR˘IJMNR˘KLOP R˘KLOP + 24R˘IJMN R˘IJOP R˘KLOP R˘KLMN
− 96R˘IJMN R˘IJMP R˘KLONR˘KLOP − 48R˘IJMN R˘IJOP R˘KLMP R˘KLON
− 96 R˘IJMNR˘KJMNR˘ILOP R˘KLOP − 48 R˘IJMNR˘KLMNR˘ILOP R˘KJOP
+ 192 R˘IJMNR˘KJONR˘KLOP R˘ILMP + 384 R˘IJMNR˘ILMP R˘KJOP R˘KLON .
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Similarly:
(10)
1
6
ǫ11t8CR
4 ≡ 4ǫI1...I11(11) CI1I2I3RI4I5JKRI6I7KLRI8I9LMRI10I11MJ
− ǫI1...I11(11) CI1I2I3RI4I5JKRI6I7KJRI8I9LMRI10I11ML.
And:
(11)
Z ≡ − 1
4!
ǫ11ǫ11R˘
4 ≡ − 1
4!
ǫIJKL1L2M1M2N1N2O1O2(11) ǫ(11)IJKP1P2Q1Q2R1R2S1S2
× R˘L1L2P1P2R˘M1M2Q1Q2R˘N1N2R1R2R˘O1O2S1S2
=
8!
4
R˘L1L2
[L1L2 R˘M1M2
M1M2R˘N1N2
N1N2R˘O1O2
O1O2],
Z˜ is the result of using the classical Einstein equations following from (3):
RIJ − 1
2
RGIJ − 1
12
HI
KLMHJKLM +
1
96
HKLMNHKLMNGIJ = 0, (12)
to replace all Ricci tensors and Ricci scalars resulting from writing out the antisym-
metrization of the upper indices, in the final form of (11), by bilinears in HIJKL, and
c is a coefficient.
The coefficient of the ǫ11t8CR
4 term in (4), which is known as the Green-Schwarz
term because of its role in anomaly cancellation [25], is fixed absolutely by anomaly
cancellation on five-branes [26, 27, 28, 29, 30], and confirmed by anomaly cancellation
in Horˇava-Witten theory [31, 32, 33, 34, 35, 36, 29, 37, 10].
The relative coefficients of all terms in (4) are fixed by supersymmetry, up to the
fact that arbitrary multiples of linear combinations of terms that vanish when the
classical Einstein equations (12), and the classical equations:
DLH
LIJK − 1
3456
ǫIJKLMNOPQRS(11) HLMNOHPQRS = 0 (13)
for CIJK that follow from (3), are satisfied can be added, because the overall coefficients
of such linear combinations of terms can be adjusted arbitrarily by making redefinitions
of the fields of the form GIJ , CIJK → GIJ + κ4/311 XIJ , CIJK + κ4/311 YIJK, where XIJ
and YIJK are dimension 6 polynomials in the fields and their derivatives [38, 39, 40].
The c
(
Z˜ − Z
)
term has been included to allow for this ambiguity. When c = 0,
compactification of (4) on a small S1 gives the form that arises naturally from type IIA
superstring scattering amplitudes [41, 42], while c = 1 gives the form of (4) that arises
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naturally when supersymmetry is systematically implemented by the Noether method
[43, 38, 39, 44].
Field redefinitions of this type are like a change of coordinates in “field space”, so
they do not change the physical content of the theory. In particular, they do not
alter the S-matrix [45, 46, 47]. The collection of all such field redefinitions, with XIJ
and YIJK generalized to expansions of the form
∑
n≥0 κ
2n/3
11 X
(n)
IJ and
∑
n≥0 κ
2n/3
11 Y
(n)
IJK ,
where X
(n)
IJ and Y
(n)
IJK are dimension 6 + 3n polynomials in the fields and their deriva-
tives, forms a “field redefinition group”, that generalizes the renormalization group of
renormalizable quantum field theories.
At low orders of perturbation theory field redefinitions do affect physical quantities,
and can even affect whether a particular type of solution of the quantum-corrected field
equations exists or not. Sensitivity to field redefinitions should decrease as higher-order
corrections are included, so at low orders of perturbation theory, we should use the
principle of minimal sensitivity (PMS) [48] to choose the best field redefinition, as in
perturbative QCD. Doing that should minimize the size of the higher-order corrections.
In QCD the PMS resolves the renormalization scheme ambiguity, and here it means
using “coordinates in field space” best suited to the geometry being studied.
With the exception of the ǫ11t8CR
4 term, and the 4-field parts of terms that depend
on HIJKL through DIHJKLM , and thus vanish for covariantly constant fluxes [49, 50,
51, 40], the CIJK-dependent terms in Γ
(8,bos)
SG are not yet known. Their inclusion
through the modified Riemann tensor R˘IJKL defined in (6) is a guess such that if (4) is
compactified on a small S1, such that the fields are covariantly constant and only the
fields of the type I supergravity multiplet in 10 dimensions are nonzero, it agrees with
the Kehagias-Partouche (KP) conjecture for the completion of the dimension 8 local
term in 10 dimensions [52, 53], up to correction terms that contain factors that occur
in the classical Einstein equation in 10 dimensions. The KP conjecture is supported
by recent calculations by Richards [42], but was shown in section 2 of [20] to require a
correction, because it cannot be oxidized as it stands to a generally covariant formula
in 11 dimensions.
The metric in the bulk, away from the immediate vicinity of the HW boundary, is
assumed to have the form:
ds211 = GIJdx
IdxJ = A2ηµνdxˇ
µdxˇν +B2g¯ABdx¯
Adx¯B, (14)
where ηµν = diag (−1, 1, 1, 1) is the metric on (3 + 1)-dimensional Minkowski space,
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and A is a constant.
Because the leading quantum correction (4) is a local term, independent of the
topology of H¯7, the assumption (1) means that the quantum-corrected Einstein equa-
tions at this order are consistent with the locally maximally symmetric metric ansatz
(14), so by Palais’s Principle of Symmetric Criticality [54, 55, 56], the Einstein equa-
tions can be derived by substituting (14) into the action (2), and varying with respect
to the constants A and B.
More directly, when we expand the quantum-corrected action (2) for a general
perturbation G¯IJ ≡ GIJ +2hIJ of the metric ansatz (14) in powers of the perturbation
tensor hIJ , the result is a sum of local terms built from GIJ , its Riemann tensor RIJKL,
the covariant derivatives DI built from GIJ that satisfy DIGJK ≡ 0, and the tensor
hIJ , and for the terms linear in hIJ we can remove all covariant derivatives from hIJ by
integrations by parts, and those covariant derivatives then give 0 by the local symmetry
of (14). The quantum-corrected Einstein equations for (14) are thus proportional to
the metric blocks Gµν and GAB corresponding to the irreducible locally symmetric
space Cartesian factors of the 11-dimensional product space, and the proportionality
factors can be obtained by using, for example,
δΓ
(bos)
SG
δB
= δGAB
δB
δΓ
(bos)
SG
δGAB
= 2
B
GAB
δΓ
(bos)
SG
δGAB
.
In terms of rescaled parameters:
B˜ ≡ 2
29
18π
5
9
21
1
3
B
κ
2/9
11
, h˜ ≡ 2
29
6 π
5
3
21
h
κ
2/3
11
, (15)
the action density, after substituting in the metric ansatz (14), is the square root of
the determinant of g¯AB, times:
(16)
21
5
3
2
163
18 π
25
9 κ
8/9
11
A4B˜7

− 42
B˜2
− 7h˜
2
8B˜8
+
(
1
B˜2
+
h˜2
8B˜8
)4
+ c
(
− 19
21B˜8
+
89h˜2
189B˜14
+
23h˜4
10368B˜20
+
20395h˜6
870912B˜26
+
2225255h˜8
3009871872B˜32
)
 .
This is obtained in the approximation of using (1) for the HH terms in (6) to obtain
R˘ABCD =
(
1
B2
+ h
2
8B8
)
(GADGBC −GACGBD), and then substituting this into (4), to-
gether with the corresponding treatment of Z˜, instead of first expanding (4) in powers
of H and summing over all pairings of factors of H before using (1) and the correspond-
ing equation with no index contractions, as would be required for H to be a Gaussian
random variable with mean zero and mean square fixed by (1).
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Defining:
η ≡ h˜
B˜3
=
h
B3
, (17)
the field equations reduce to:
(18)
(
2633637888η2 + 126414618624
)
B˜6 − 734832η8 − 23514624η6
− 282175488η4 − 1504935936η2 − 3009871872−
(
2225255η8
+ 70485120η6 + 6676992η4 + 1417347072η2 − 2723217408
)
c = 0,
and
(19)
(
2633637888η2 − 632073093120
)
B˜6 − 18370800η8 − 446777856η6
− 3668281344η4 − 10534551552η2 − 3009871872−
(
55631375η8
+ 1339217280η6 + 86800896η4 + 9921429504η2 − 2723217408
)
c = 0.
Solving these as two simultaneous linear equations for c and B˜6, we find:
c = −734832P (η)
(
η2 + 8
)3 (
η4 + 60η2 + 96
)
, (20)
B˜6 =
η2 (η2 + 8)
3
(22595η6 + 52446528η4 − 129537792η2 + 694738944)
448P (η) , (21)
where
(22)P (η) ≡ 2225255η
10 + 186379140η8 + 3386624256η6
+ 594708480η4 + 34016329728η2− 32678608896.
The polynomial P (η) is positive for η2 > η2min and negative for η2 < η2min, where
ηmin ≃ 0.9364, and has no real zeros other than η = ±ηmin. c is a monotonically
increasing function of η for η > ηmin, and tends to the limit cmax ≡ − 7348322225255 ≃ −0.3302
as η → +∞. The product B˜6P (η) is ≥ 0 for all η, so a solution with real B˜ only
exists for η2 > η2min, and thus only for c < cmax. B˜ and h˜ are positive, so we only need
to consider the region η > ηmin, and in this region, (20) determines η implicitly as a
function of the field redefinition parameter c, and (21) then determines B˜ as a function
of c.
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1.1 Application of the Principle of Minimal Sensitivity
If the system is physically sensible, then by the PMS, there should be values of the
field redefinition parameter c, not too far apart, where the solution exists, and dB˜
dc
and
dh˜
dc
are respectively 0. c should then be chosen somewhere between these values, in
order to minimize the size of the higher order corrections. The PMS was not applied
properly in [20], because only the dependence of η, there called x, on c was considered,
and it was then necessary to make an ad hoc choice of c.
However dB˜
dη
and dh˜
dη
, and consequently also dB˜
dc
and dh˜
dc
, each have exactly one zero for
η > ηmin. For
dB˜
dη
and dB˜
dc
, the zero is at η ≃ 1.700, which corresponds to c ≃ −1.590,
B˜ ≃ 0.580, h˜ ≃ 0.332, B ≃ 0.277κ2/911 , and h ≃ 0.0363κ2/311 , and for dh˜dη and dh˜dc , the zero is
at η ≃ 1.291, which corresponds to c ≃ −3.083, B˜ ≃ 0.605, h˜ ≃ 0.286, B ≃ 0.289κ2/911 ,
and h ≃ 0.0312κ2/311 . These values give the range of values of the field redefinition
parameter c, and the physical quantities B and h, selected by the PMS at this order
of perturbation theory. The unphysical parameter c varies by almost a factor of 2
over this range, but B and h1/3 vary by only 4% and 5% respectively over this range.
The ad hoc value of c chosen in [20] does not lie in this range, so it is necessary to
reconsider some of the conclusions of [20].
The mean of the values of c at the ends of the selected interval is c ≃ −2.337, which
corresponds to η ≃ 1.425, B ≃ 0.282κ2/911 , and h ≃ 0.0320κ2/311 . I shall use B ≃ 0.28κ2/911
as the best value of B.
The conclusion on page 42 of [20] that b1, the curvature radius of the closed hy-
perbolic Cartesian factor H¯6 of the HW boundary, lies in the range 0.97B to 1.00B is
unaltered. Thus from equation (107) on that page, the Giudice-Rattazzi-Wells per-
turbativity criterion [57] is still satisfied by a large margin, both in the bulk and on
the HW boundary.
The second derivative of (16) with respect to B˜, when (20) and (21) are satisfied,
is:
(23)
−3
14
3 7
5
3 η2 (η2 + 8)
2
A4
2
253
18 π
25
9 κ
8/9
11 B˜
3P (η)
(
22595η10 + 36771952η8 + 3107227616η6
+ 1531643904η4 + 1459150848η2 + 44463292416
)
Thus the solution is a minimum of the potential energy for all η > ηmin. I shall show
in subsection 2.2, starting on page 23, that (23) gives a first approximation to the mass
mdil of the dilaton/radion, as seen on the HW boundary, of mdil ≃ 9AB ≃ 30Aκ−2/911 ≃
9
7AM11, where the warp factor A will be found below to be fixed by the boundary
conditions at the HW boundary to lie between about 0.7 and 0.9.
The diameter L of a compact manifold is by definition the maximum over all pairs
of points of the manifold of the shortest geodesic distance between them. The intrinsic
volume and intrinsic diameter of a compact hyperbolic manifold are its volume and
diameter when the metric on it is locally maximally symmetric, with sectional curvature
equal to −1.
From equation (111) on page 44 of [20], with b1 ≃ B, the intrinsic volume V¯6 of the
closed hyperbolic Cartesian factor H¯6 of the HW boundary is now estimated to lie in
the range from about 270000 to about 580000, corresponding to an Euler number
χ
(
H¯6
)
in the range from about −16000 to about −35000, where the uncertainty
arises mainly from the uncertainty of the value αU of the QCD fine structure constant
αs =
g2s
4pi
at unification. Thus if H¯6 is reasonably isotropic, in the sense that it has an
approximately spherical fundamental domain in 6-dimensional hyperbolic space H6,
then from equation (9) on page 9 of [20], with S5 = π
3, its intrinsic diameter L¯6 lies
between about 5.7 and 6.0.
Moss’s improved form of Horˇava-Witten theory is used [8, 9, 10, 11]. In the region of
the HW boundary, the coordinates xI have the form
(
x˜U , y
)
, where indices U, V,W, . . .
are tangential to a family of hypersurfaces foliating the (10 + 1)-dimensional manifold-
with-boundary, one of these hypersurfaces coinciding with the boundary, and y takes
a constant value on each of these hypersurfaces, with the value of y distinguishing the
hypersurfaces. y takes the value y1 on the boundary, and y > y1 in the bulk. The
symbol y is also used as the coordinate index for the y coordinate.
The boundary is equivalent to a double-sided mirror at y = y1, such that all the
fields on one side of the mirror are exactly copied, up to sign, on the other side of the
mirror, with the fields at
(
x˜U , y
)
mapped to the fields at
(
x˜U , 2y1 − y
)
. The Yang-
Mills multiplet is adjacent to the mirror, but infinitesimally displaced from it, so that
it has its own reflection infinitesimally on the other side of the mirror [34], and I shall
represent this by writing the y coordinate of the Yang-Mills multiplet as y = y1+.
The bosonic part of the Yang-Mills term in the semi-classical action on the HW
boundary is:
S
(bos)
YM = −
1
16πκ211
(
κ11
4π
)2/3∫
y=y1+
d10x˜ e˜
(
1
30
trFUV F
UV − 1
2
R¯UV WˆXˆR¯
UV Wˆ Xˆ
)
. (24)
Here FUV = ∂UAV − ∂VAU + i [AU , AV ] is the field strength of the E8 Yang-Mills
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gauge field AU = T
AAAU localized at y = y1+, indices A,B, . . . run over the 248 gener-
ators of E8, and the hermitian generators T
A in the fundamental/adjoint of E8 satisfy
trTAT B = 30δAB. In the SO (16) basis for E8, the TA are −12i times the generators
in Appendix 6.A of [58] or subsection 2.1 of [59], and in the SU (9) basis for E8, the
TA are the generators in subsection 5.2 of [59]. e˜ =
√
−G˜ is the determinant of
the vielbein e˜UVˆ , that satisfies e˜UWˆ e˜V
Wˆ = G˜UV , where G˜UV is the induced metric on
the boundary, which is obtained from GIJ by dropping the row and column with an
index y. The coefficient of the first term in (24) is fixed by anomaly cancellation
[6, 31, 32, 33, 34, 35, 36, 29, 37, 10] and has the value found by Conrad [32], which is
slightly different from the original value found by HW. The R¯UV WˆXˆR¯
UV WˆXˆ term was
derived by Moss [11], with:
R¯UV
Wˆ
Xˆ = ∂U ω¯V
Wˆ
Xˆ − ∂V ω¯UWˆ Xˆ + ω¯UWˆ Yˆ ω¯V Yˆ Xˆ − ω¯V Wˆ Yˆ ω¯U Yˆ Xˆ , (25)
where
ω¯UVˆ Wˆ = ω˜UVˆ Wˆ ±
1
2
HyˆUVˆ Wˆ , (26)
and ω˜UVˆ Wˆ = e
X
Wˆ
(
Γ˜U
Y
XeY Vˆ − ∂UeXVˆ
)
is the Levi-Civita connection for the vielbein
e˜UVˆ . The sign choice in (26) is correlated with the chirality conditions on the gravitino,
gaugino, and supersymmetry variation parameter on the boundary.
The compact hyperbolic 7-manifold H¯7 of intrinsic volume around 1034, with a
closed hyperbolic boundary H¯6 of intrinsic volume in the range from about 3× 105 to
about 6×105 that accomodates the SM fields, and possibly also other closed hyperbolic
boundaries that accomodate dark matter fields, is assumed to be obtained from a closed
hyperbolic 7-manifold by cutting it along suitable 6-cycles, and keeping one connected
component of the result.
The SM boundary is near a minimal-area 6-cycle of the compact hyperbolic 7-
manifold that was cut to form the boundary, and the metric in the region of the
boundary is a small perturbation of what it would have been if the boundary was not
there. The metric in this region has the form:
ds211 = GIJdx
IdxJ = a (y)2 ηµνdxˇ
µdxˇν + b (y)2 gˆabdxˆ
adxˆb + dy2 (27)
Here a (y) → A away from the boundary, and a (y) = 1 on the boundary. Indices
a, b, c, . . . are tangential to H¯6, so that x¯A in (14) is now (xˆa, y), and x˜U is (xˇµ, xˆa). gˆab
is a metric of sectional curvature −1 on H¯6.
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If the boundary was not there, and b (y) had its minimum value at y = 0, b (y)
would be b = Bcosh
(
y
B
)
. Then (27), with a (y) = A, would be in agreement with
(14), for a particular choice of coordinates on this region of H¯7. The effective energy-
momentum tensor TIJ in this region is calculated by requiring that this metric satis-
fies the classical Einstein equations with that TIJ . We define a (y) ≡ (1 + p (y))A,
b (y) ≡ (1 + q (y))Bcosh y
B
, where |p (y)| and |q (y)| are assumed ≪ 1, and substitute
the perturbed metric into the Einstein equations with the effective TIJ . Expanding to
first order in p and q, p (y) and q (y) are found to satisfy:
p˙ = −5
4
q˙ +
5q
4Bsinh y
B
cosh y
B
(28)
q¨ + 7q˙
sinh y
B
Bcosh y
B
− 5q
B2cosh2 y
B
= 0, (29)
where a dot denotes differentiation with respect to y. To find the solution of (28) and
(29) such that p and q tend to 0 as y → ∞, we define ξ ≡ tanh y
B
, so that ξ → 1 as
y →∞. The equations then become:
dp
dξ
= −5
4
dq
dξ
+
5q
4ξ
(30)
(
1− ξ2
) d2q
dξ2
+ 5ξ
dq
dξ
− 5q = 0. (31)
The solution is:
q (ξ) = k

(1− ξ) 72 − 5 (1− ξ)
9
2
12
+
35 (1− ξ) 112
1056
+
35 (1− ξ) 132
18304
+ . . .

 , (32)
p (ξ) = −5
4
q (ξ)− 5
4
∫ 1
ξ
q (ξ′)
ξ′
dξ′, (33)
where k is an arbitrary constant. q (ξ) looks qualitatively like the base of a parabola
centred at ξ = 1, and is ≃ 0.6184k for ξ = 0, while p (ξ) has a logarithmic singularity
as ξ → 0+.
For a first estimate of the boundary conditions for the metric [60, 61, 62, 9], I
neglected the flux terms in R¯UVWX , defined in (25), by assuming, if necessary, that
HyˆUV W is smaller than its average value, near the boundary. Then to leading order in
the LOW harmonic expansion of the energy-momentum tensor
T˜ (bos)UV =
2
e˜
δS
(bos)
YM
δG˜UV
(34)
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on the boundary, and assuming that trFacFb
c is a multiple of G˜ab, the boundary con-
ditions are:
a˙
a
∣∣∣∣
y=y1+
= −ρκ
2/3
11
b41
,
b˙
b
∣∣∣∣∣
y=y1+
= ρ
κ
2/3
11
b41
, (35)
where the number ρ is:
ρ ≡ 1
V¯6
∫
H¯6,y=y1+
d6xˆ
√
gˆ
1
96π (4π)2/3
gˆacgˆbd
(
− 1
30
trFabFcd +
1
2
R¯ab
e
fR¯cde
f
)
, (36)
where V¯6 ≡
∫
H¯6d
6xˆ
√
gˆ is the intrinsic volume of the H¯6 Cartesian factor of the boundary.
If there were no Yang-Mills fluxes on the boundary then ρ would be 60
192pi(4pi)2/3
≃
0.01840.
Let ξ1 ≡ tanhy1B denote the value of ξ at the boundary. The sum of the boundary
conditions (35) gives:
(
1− ξ21
)−1
4
dq
dξ
∣∣∣∣∣
ξ=ξ1
+
5q (ξ1)
4ξ1

+ ξ1 = 0, (37)
where (30) has been used. The logarithmic singularity of p as ξ → 0+ means that we
require ξ1 > 0 for the assumption that |p| ≪ 1 to be valid, so since 1k dqdξ ≤ 0 and 1kq ≥ 0
for 0 ≤ ξ ≤ 1, (37) implies that k < 0. Using (37) to express k in terms of ξ1, we find
that q1 ≡ q (ξ1), as a function of ξ1, looks qualitatively like an upside-down parabola,
with a peak value of 0 at ξ1 = 0, and ≃ −0.25 at ξ1 ≃ 0.63. And b1B = (1+q1)√1−ξ21 , as
a function of ξ1, decreases smoothly from a peak value of 1 at ξ1 = 0, to a minimum
value ≃ 0.967 at ξ1 ≃ 0.56, and then starts increasing at an increasing rate.
Using B ≃ 0.28κ2/911 as the best value of B determined by the PMS, the second
equation of (35) becomes:
(
1− ξ21
) dq
dξ
∣∣∣∣∣
ξ=ξ1
+ ξ1 ≃ 729ρ (1− 4q (ξ1))(√
1+ξ1
1−ξ1 +
√
1−ξ1
1+ξ1
)4 , (38)
so we require ρ > 0. Thus the number of vacuum Yang-Mills fluxes should be small
enough for the R2 term in (36) to outweigh the F 2 term.
Substituting for k from (37), we find from (38) that for ρ = 0.01840, ξ1 ≃ 0.391,
hence k ≃ −0.768, so p1 ≡ p (ξ1) ≃ 0.165, hence A ≃ 0.858, and q1 ≃ −0.103, hence
b1 ≃ 0.975B ≃ 0.27κ2/911 . Thus working to first order in p and q has been justified.
Moss’s derivation of the RUVWXR
UVWX term in (24) used an expansion scheme in
which Ricci tensor and scalar terms, if present, would only show up at higher orders
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[11]. If the RUVWXR
UVWX term was in fact the first term in a Lovelock-Gauss-Bonnet
term of the form RUVWXR
UVWX − 4RUVRUV + R2, the size of the RR terms in (36)
would be increased by a factor of 6, with the main contribution coming from the square
of the Ricci scalar. If there were no Yang-Mills fluxes on the boundary ρ would then be
≃ 0.1104, for which (37) and (38) give ξ1 ≃ 0.725, k ≃ −32.75, p1 ≃ 0.430, A ≃ 0.699,
q1 ≃ −0.319, and b1 ≃ 0.989B ≃ 0.28κ2/911 . This is not really within the region where
working to first order in p and q is justified.
The Einstein action on the 4 extended dimensions has the form:
SEin =
1
16πGN
∫
d4xˇ
√−gˇgˇµνRµν (gˇ) , (39)
where gˇµν differs from ηµν by a small perturbation, that depends on the coordinates xˇ
σ
on the 4 extended dimensions, but not on the coordinates x¯A on H¯7. GN is Newton’s
constant, with the value [63]:
GN = 6.7087× 10−33TeV−2, (40)
so that
√
GN = 8.1907× 10−17 TeV−1 = 1.6160× 10−35 metres. Comparing with (3)
and (14), and noting that RIJ
K
L and hence RIJ are unaltered by rescaling the metric by
a constant factor, so that
√−GGµνRµν (G) = A4B7
√−gˇ√g¯ 1
A2
gˇµνRµν (gˇ) everywhere
on H¯7 except in the immediate vicinity of the HW boundary, where GIJ here represents
the metric obtained from (14) by replacing ηµν by gˇµν , we find, in the approximation
of neglecting the volume of the region where a (y) in (27) differs appreciably from A,
that the intrinsic volume V¯7 ≡
∫
H¯7d
7x¯
√
g¯ of H¯7 is given by [1, 2, 3, 64, 12]:
A2B7V¯7
2κ211
=
1
16πGN
(41)
The experimental limits on the gravitational coupling constant in D dimensions are
expressed in terms of a mass MD, such that for D = 11, M11 = (2π)
7/9 κ
−2/9
11 =
4.1764κ
−2/9
11 [57, 63]. The latest limits from searches for virtual graviton exchange
and graviton emission at the LHC [65, 66, 67, 68, 69, 70, 71, 72], and searches for
microscopic black holes at the LHC [73, 74, 75], suggest that the experimental lower
bound on M11, for 7 flat extra dimensions, is now roughly M11 ≥ 2.3 ± 0.7 TeV,
corresponding to κ
−2/9
11 ≥ 0.55± 0.2 TeV.
From above, A is expected to lie in the range from about 0.7 to about 0.9, and the
best value of B, determined by the PMS, is B ≃ 0.28κ2/911 . If κ−2/911 was about 0.55 TeV,
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so that B was around 0.51 TeV−1, A = 0.7 would give V¯7 ≃ 3.0 × 1035, and A = 0.9
would give V¯7 ≃ 1.8 × 1035. Thus if H¯7 is reasonably isotropic, in the sense that it
has an approximately spherical fundamental domain in 7-dimensional hyperbolic space
H7, then from page 9 of [20], the current upper bound on the intrinsic diameter L¯7
of H¯7 is about 28, hence the current upper bound on the actual diameter L7 of H¯
7 is
about 14 TeV−1 ≃ 2.8× 10−18 metres.
From between (23) and (24) above, the intrinsic diameter L¯6 of the closed hyperbolic
factor H¯6 of the HW boundary lies between about 5.7 and 6.0 if H¯6 is reasonably
isotropic, so if both H¯7 and H¯6 are reasonably isotropic, the current upper bound on
the ratio L¯7/L¯6 of their intrinsic diameters lies between about 4.9 and 4.7. And since
the curvature radius b1 of the HW boundary is ≃ B, this also gives the current upper
bound on the ratio L7/L6 of their actual diameters.
Closed hyperbolic 7-manifolds H¯
7
of intrinsic volume V¯7 ∼ 1035 that have a closed
hyperbolic minimal-area 6-cycle H¯
6
of intrinsic volume ∼ 106, such that in suitable
coordinates near H¯
6
the metric of sectional curvature −1 on H¯7 has the form of the
last two terms in (27) with b = cosh
(
y
B
)
, might be relatively rare among H¯
7
with
V¯7 ∼ 1035. For if cutting H¯7 along H¯6 separates H¯7 into two connected components,
let H¯
7
(2) be formed by cutting H¯
7
along y = 0 and joining two copies of the larger volume
component along this boundary, while if cutting H¯
7
along H¯
6
leaves H¯
7
connected, let
H¯
7
(2) be formed from two copies of H¯
7
cut along y = 0, by joining boundary b of copy
1 to boundary a of copy 2, and boundary b of copy 2 to boundary a of copy 1. Then
the smallest non-zero intrinsic eigenvalue λ¯1 of the negative of the Laplace-Beltrami
operator ∆ ≡ 1√
g¯
∂A
(√
g¯g¯AB∂B·
)
on H¯
7
(2) is bounded above by ∼ 10−29, since for any
function f (x¯) such that
∫
H¯
7
√
g¯fd7x¯ = 0:
λ¯1 ≤
∫
H¯
7
√
g¯gAB (∂Af) (∂Bf) d
7x¯∫
H¯
7
√
g¯f 2d7x¯
, (42)
and we can choose f to be 1 on one of the two connected components of the mani-
fold obtained from H¯
7
by deleting the region with |y|< 1, and −1 on the other such
component, with a smooth transition across the region with |y|< 1 [76]. But from the
discussion on pages 9 to 12 of [20], it seems possible that typical H¯
n
, n ≥ 2, of arbitrar-
ily large intrinsic volume V¯ n, will have few or no nonzero intrinsic eigenvalues λ¯ of −∆
smaller than (n−1)
2
4
[12, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 16, 92, 93].
Closed H¯
7
that have a closed hyperbolic minimal-area 6-cycle H¯
6
, such that in
suitable coordinates the metric near H¯
6
is as above, exist with arbitrarily large values
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of V¯7/V¯6, for section 2.8.C of [94] gives examples for all n ≥ 2 of H¯n that contain a
2-sided non-separating embedded closed hyperbolic hypersurface H¯
n−1
. If we take N
copies of such an H¯
n
, cut each along that H¯
n−1
, and join side b of copy 1 to side a of
copy 2, side b of copy 2 to side a of copy 3, . . ., and side b of copy N to side a of copy
1, we get a closed hyperbolic n-manifold H¯
n
(N) that is an N -fold cover of the original
H¯
n
, so the ratio of the intrinsic volume V¯n(N) of H¯
n
(N) to the intrinsic volume V¯n−1 of
that H¯
n−1
can be arbitrarily large. However these H¯
n
(N) are far from being reasonably
isotropic for large N , because their intrinsic diameters and intrinsic volumes both grow
in proportion to N , while from page 9 of [20], the intrinsic volume V¯n of a reasonably
isotropic H¯
n
is approximately related to its intrinsic diameter L¯n, for large L¯n, by
V¯n ≃ Sn−12n−1(n−1)e(n−1)
L¯n
2 , where Sn−1 is the area of the unit (n− 1)-sphere.
2 The bosonic Kaluza-Klein modes of the super-
gravity multiplet
I shall continue to work to leading order in the Lukas-Ovrut-Waldram (LOW) harmonic
expansion of the energy-momentum tensor on H¯7 [21], and to assume that the vacuum
fluxes are approximately uniformly distributed across H¯7, so that the LOW expansion
only needs to be applied over relatively small local regions of H¯7. In addition to the
assumption (1) on the vacuum flux bilinears, I shall assume that to leading order in
the LOW harmonic expansion, expressions linear in the vacuum fluxes are zero. The
Kaluza-Klein modes of the metric GIJ and the 3-form gauge field CIJK are then to a
first approximation decoupled from each other, and can thus be treated separately. I
shall use the convention stated between (8) and (9), that repeated lower coordinate
indices are understood to be contracted with an inverse metric GIJ .
2.1 The Kaluza-Klein modes of the 3-form gauge field
As stated just before (1), the vacuum 4-form fluxes are assumed to be proportional
to harmonic 4-forms on H¯7, and thus to solve the classical CJS field equations (13)
for HIJKL, and the quantum corrections to those field equations are neglected, so for
a first approximation to the Kaluza-Klein modes of CIJK , it is consistent to consider
just the classical CJS action, whose bosonic part is (3). With the above assumptions
on terms linear or bilinear in the vacuum fluxes, the vacuum fluxes do not affect the
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Kaluza-Klein modes of CIJK , and the ǫ11CHH Chern-Simons term in (3) also plays
no role. Thus for a first, classical, aproximation to the masses of the Kaluza-Klein
modes of CIJK, we can neglect the vacuum fluxes completely, and consider just the
− 1
48
HIJKLHIJKL term in (3). Then after adding gauge-fixing terms as follows, and
noting that for the metric ansatz (14), covariant derivatives Dµ are ordinary derivatives
∂µ, and commute with each other and with DA, we have:
− 1
48
HIJKLHIJKL − 1
4
(aDµCµνσ +
1
a
DACAνσ)(aDτCτνσ +
1
a
DBCBνσ)
− 1
2
(bDµCµAσ +
1
b
DBCBAσ)(bDνCνAσ +
1
b
DECEAσ)
− 1
4
(cDµCµAB +
1
c
DECEAB)(cDνCνAB +
1
c
DFCFAB) =
(43)
=
1
12
{
− ∂µCνστ∂µCνστ + 3
(
1− a2
)
∂µCµστ∂νCνστ − DACµνσDACµνσ
}
+
1
4
{
− ∂µCνσA∂µCνσA + 2
(
1− b2
)
∂µCµσA∂νCνσA − DACµνBDACµνB
+DACµνBDBCµνA − 1
a2
DACµνADBCµνB
}
+
1
4
{
− ∂µCνAB∂µCνAB +
(
1− c2
)
∂µCµAB∂νCνAB − DACµBEDACµBE
+ 2DACµBEDBCµAE − 2
b2
DACµAEDBCµBE
}
+
1
12
{
− ∂µCABE∂µCABE
− DACBEFDACBEF + 3DACBEFDBCAEF − 3
c2
DACAEFDBCBEF
}
,
where a, b, and c are gauge parameters. Derivatives in the right-hand side of (43)
act only on the smallest object to their immediate right. CIJK and HIJKL in (43)
refer to the Kaluza-Klein modes only. The modes of different spin along the extended
dimensions are decoupled in the right-hand side of (43). If we choose a = b = c = 1,
which corresponds to a gauge-fixing term −1
4
DICIKLDJCJKL and is effectively Feyn-
man gauge, then after making a Kaluza-Klein ansatz such as CµνA = cµν (xˇ)ωA (x¯) in
the corresponding field equations and separating the field equations, the field equations
on H¯7 in the metric g¯AB of sectional curvature −1 have the form − (δd+ dδ)ω = m¯2ω,
where δd + dδ is the Hodge - de Rham Laplacian, so the intrinsic masses m¯ of the
modes with p A-type indices, 0 ≤ p ≤ 3, are given by the spectrum of the negative of
the Hodge - de Rham Laplacian for p-forms on H¯7. From pages 42 to 43 of [20], this
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means that their masses, as seen on the HW boundary, are m = A
B
m¯, where A and B
are the constants in the metric ansatz (14).
Choosing alternatively now the limiting gauge choice a → 0, b → 0, c → 0, we
obtain Proca-type unitary gauges for the massive antisymmetric tensor fields on the
extended dimensions [95, 96], and Landau-gauge-like restrictions such as DACµνA = 0
on the dependence of the modes on position on H¯7, which means that some of the
massive modes obtained in Feynman gauge are unphysical, and would be cancelled by
corresponding Faddeev-Popov ghosts in Feynman gauge.
From pages 9 to 12 and 16 to 17 of [20], it seems likely that classically, the lightest
massive modes of a p-form gauge field on H¯7, for p < 3, will have intrinsic mass
m¯ = 3 − p [12, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 16, 92, 93].
From pages 42 to 43 of [20], this means that their mass, as seen on the HW boundary,
is m = (3− p) A
B
.
2.1.1 The classically massless harmonic 3-form modes
In addition to the classically massive modes of CIJK , there are classically massless
modes CABC = C (xˇ)ωABC (x¯), CµAB = Cµ (xˇ)ωAB (x¯), and CµνA = Cµν (xˇ)ωA (x¯),
corresponding respectively to harmonic 3-forms ωABC (x¯), 2-forms ωAB (x¯), and 1-forms
ωA (x¯), on H¯
7. The field strengths HABCD, HµABC , and HµνAB, that would occur
respectively in their classical mass terms, vanish identically, so they can only obtain
masses from quantum corrections that arise from interaction terms that contain CIJK
explicitly, so the relevant terms in (2) are the CJS Chern-Simons term ǫ11CHH in
(3), and the Green-Schwarz term (10) in (4). The harmonic 0-form mode Cµνσ (xˇ) is
classically a pure gauge mode, with no physical degrees of freedom.
If these modes all acquire masses ∼ κ−2/911 from quantum corrections, then only the
harmonic 3-form modes CABC are expected to be sufficiently numerous for their large
number to compensate for the gravitational suppression of their couplings enough for
them to be seen at the LHC, because from pages 17 to 19 of [20], the Betti number B3
of H¯7 is estimated as ∼ V¯7
lnV¯7
, while the Betti numbers B2 and B1 of H¯
7 are estimated
as powers strictly less than 1 of V¯7 [97, 98, 99, 100, 91, 101].
The leading contribution to the squared masses of the harmonic 3-form modes
of CABC , in the presence of the fluxes HABCD proportional to harmonic 4-forms on
H¯7, arises from the CJS Chern-Simons term in (3), on integrating out Hµνστ [102].
The µνστρ component of the Bianchi identity for HIJKL is satisfied automatically,
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so after making a suitable choice of gauge for Cµνσ, we can change variables from
Cµνσ to Hµνστ , which is now an unconstrained scalar multiple of ǫµνστ . In particular,
choosing the Lorentz gauge condition ∂µCµνσ = 0, and suitable boundary conditions
as x0 = xˇ0 → ±∞, we can write:
Cµνσ (xˇ, x¯) =
∫
d4xˇ′
∂
∂xˇρ
G4F (xˇ− xˇ′)Hµνσρ (xˇ′, x¯) , (44)
where G4F (xˇ− xˇ′) is the Feynman propagator for a massless scalar in 3+1 dimensions,
which satisfies − ∂2
∂xˇµ∂xˇµ
G4F (xˇ− xˇ′) = δ4 (xˇ− xˇ′).
Neglecting the leading quantum correction Γ
(8,bos)
SG , we can now integrate out Hµνστ ,
since it occurs quadratically in the CJS action (3). The terms containing Hµνστ
quadratically are the −HµνστHµνστ and −4HµνσAHµνσA terms from −HIJKLHIJKL.
The −HµνστHµνστ term corresponds to a multiple of the identity matrix in the Hµνστ
Hilbert space, and we can expand the inverse of the matrix defining the quadratic form
corresponding to these two terms as a power series in the matrix corresponding to the
−4∂ACµνσ∂ACµνσ part of the second term.
However when we evaluate the expectation value of the resulting mass term in
a specific classical 3-form mode on H¯7, each derivative ∂A, (which as it occurs here
is a covariant derivative for the metric (14), since the only non-vanishing Christoffel
symbols are ΓA
B
C), will roughly give either a factor of the classical mass of that mode,
which is zero for the harmonic 3-form modes, or a factor of 1
B
. The harmonic 3-forms
are the most covariantly smooth 3-form modes, so I shall assume that for them, any
such factor of 1
B
is accompanied by a factor 1
L¯7
, where L¯7, the intrinsic diameter of H¯
7, is
∼ 27 for V¯7 ∼ 1034, if H¯7 is reasonably isotropic, in the sense that it has a fundamental
domain in H7 that is approximately spherical. So for a first approximation to the
mass of the harmonic 3-form modes, I shall neglect the −∂ACµνσ term in HµνσA.
To extract the relevant part of the Chern-Simons term in (3), we split each index
I1 . . . I11 independently into its µ range and its A range, and look for terms that can
produce Hµνστ , after integrations by parts if necessary. To get a Cµνσ, one of the three
factors CI1I2I3HI4...I7HI8...I11 has to have at least 3 µ-type indices.
There are 2 terms like ǫABCDEFGµνστ(11) CABCHDEFGHµνστ .
There are 8 terms like ǫµνστABCDEFG(11) CµνσHτABCHDEFG, which contains a term
that on integration by parts, gives 1
4
ǫABCDEFGµνστ(11) CABCHDEFGHµνστ .
There are 32 terms like ǫABCµνσDτEFG(11) CABCHµνσDHτEFG, which contains a term
that on integration by parts, gives
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−1
4
ǫABCµνσDτEFG(11) CABC (∂DHµνστ )CEFG = 0.
Thus the relevant terms in (3) containing Hµνστ are:
1
96κ211
∫
B
d11xe
(
−HµνστHµνστ − 1
108
ǫABCDEFGµνστ(11) CABCHDEFGHµνστ
)
. (45)
After completing the square and integrating out Hµνστ , this becomes:
− 1
96κ211
∫
B
d11xe
4
65
ǫABCDEFG(7) ǫ(7)HIJKLMNCABCHDEFGC
HIJHKLMN . (46)
I shall now assume that to leading order in the LOW harmonic expansion, the vacuum
fluxes satisfy:
HABCDH
EFGH =
6h2
5B8
δA
[E δB
F δC
GδD
H] =
h2
120B8
ǫ(7)ABCDIJKǫ
EFGHIJK
(7) , (47)
where the coefficient is fixed by (1), and as with (1), the LOW expansion only needs to
be applied over relatively small local regions of H¯7, due to the approximately uniform
distribution of the fluxes across H¯7. All indices in (46) and (47) are tangential to H¯7.
After adding the kinetic term −4HµABCHµABC from −HIJKLHIJKL, (46) becomes:
1
96κ211
∫
B
d11xe
(
−4HµABCHµABC − 4h
2
45B8
CABCCABC
)
. (48)
Thus within the above approximations, all the harmonic 3-form modes of CABC obtain
the same intrinsic mass m¯ = h√
45B3
. From subsection 1.1 above, the best value of
η = h
B3
chosen by the PMS is η ≃ 1.425, so m¯ ≃ 0.2. Thus the mass of these modes,
as seen on the HW boundary, is m ≃ 0.2A
B
.
2.1.2 The coupling of the harmonic 3-form modes to the SM gauge bosons
The coupling of the harmonic 3-form modes of CABC to the SM fields can be obtained
by integrating out Hµνστ , in the same way as was done above to calculate their mass.
In Moss’s improved form of Horˇava-Witten theory, the boundary condition for HIJKL
has the form [8, 9, 10, 11]:
HUVWX |y=y1+ =
1
2π
(
κ11
4π
)2/3 (
−3FA[UV FAWX] + χ¯AΓ[UVW
(
DX]χ
)A)
+ . . . , (49)
where χA is the gaugino, and . . . denotes terms that involve the gravitino or RIJKL or
HIJKL. This can be integrated to:
CUVW |y=y1+ =
1
4π
(
κ11
4π
)2/3 (
− 1
30
Ω
(Y)
UVW +
1
4
χ¯AΓUVWχ
A
)
+ λUVW + . . . , (50)
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where
Ω
(Y)
UVW = 6tr
(
A[U ∂VAW ] +
2
3
iA[UAVAW ]
)
(51)
is the Yang-Mills Chern-Simons 3-form, λUVW is an arbitrary closed 3-form on the
boundary, and . . . denotes terms that involve the gravitino or the Lorentz Chern-
Simons 3-form or HIJKL.
With the notation of (27) above, let C˜UVW (xˇ, xˆ) denote the right-hand side of
(50). If we neglect Hµνστ and Hµνσa and the CJS Chern-Simons term, the CJS field
equations (13) for HIJKL include an equation
∂
∂y
(a4b6a−6Hµνσy) = 0, whose solution
is Hµνσy =
a2
b6
fµνσ (xˇ, xˆ). If we further neglect Cµνy, we then find that the form of
Cµνσ induced by C˜µνσ (xˇ, xˆ) is Cµνσ = fµνσ (xˇ, xˆ)
∫∞
y
a2(y′)
b6(y′)
dy′. In the approximation of
neglecting the perturbations p (y) and q (y) defined between (27) and (28) above, so
that a (y) = A, and b (y) = Bcosh y
B
, we have:
∫ ∞
y
a2 (y′)
b6 (y′)
dy′ ≃
∫ ∞
y
A2
B6
(
cosh y
B
)6 = A
2e−
5y
B
(
10e
4y
B + 5e
2y
B + 1
)
30B5
(
cosh y
B
)5 , (52)
so in the further approximation of setting y1, the value of y at the boundary, to 0, the
flux H(ind)µνσy induced by C˜µνσ (xˇ, xˆ) is:
H(ind)µνσy (xˇ, xˆ, y) ≃
15B5a2
8A2b6
C˜µνσ (xˇ, xˆ) . (53)
The principal coupling between the SM gauge bosons and the CABC modes arises
from the cross term between H(ind)µνσy, and the flux H
(spont)
µνσy that originates from (44),
in − 4
96κ211
∫
B d
11xe (HµνσyH
µνσy), which is one of the HµνσAH
µνσA terms neglected in
deriving (45). Using the algebraic field equation for Hµνστ that follows from (45), we
find:
(54)
H(spont)µνσy (xˇ, xˆ, y) =
1
216
∂
∂y
(
ǫabcdefy(11) µνσρ
∫
d4xˇ′
∂
∂xˇρ
G4F (xˇ
− xˇ′) (3Caby (xˇ′, xˆ, y)Hcdef + 4Cabc (xˇ′, xˆ, y)Hdefy)
)
,
where Hcdef and Hdefy are the vacuum fluxes that to leading order in the LOW har-
monic expansion, applied over relatively small local regions of H¯7, satisfy (1) and (47).
So considering just the Yang-Mills term in C˜µνσ (xˇ, xˆ), the principal coupling between
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the SM gauge bosons and the CABC modes is:
− 8
96κ211
∫
B
d11xeH(ind,YM)µνσy H
(spont)µνσy
≃ 5B
5
21132πA2κ211
(
κ11
4π
)2/3 ∫
d4xˇ
∫
H¯6
d6xˆ
√
gˆǫµνσρ(4) F
A
[µνF
A
σρ]
∫ ∞
y1
dya6
∂
∂y
∫
d4xˇ′G4F (xˇ
− xˇ′) ǫabcdefy(7) (3Caby (xˇ′, xˆ, y)Hcdef + 4Cabc (xˇ′, xˆ, y)Hdefy) .
(55)
The integral is strongly localized near the boundary, because ǫabcdefy(7) is b
−6 times ±1
or 0, and a → A and b → Bcosh y
B
as y → ∞. If we again neglect the perturbation
p (y), so that a (y) = A, and neglect the massive Kaluza-Klein modes of the Yang-Mills
gauge fields, then the coupling is approximately:
(56)
− 5A
4B5
21132πκ211
(
κ11
4π
)2/3∑
(n)
∫
d4xˇǫµνσρ(4) F
A
[µν F
A
σρ]
∫
d4xˇ′G4F (xˇ− xˇ′)
× C(n) (xˇ′)
∫
H¯6
d6xˆ
√
gˆǫABCDEFG(7) ω(n)ABC (xˆ, y1)HDEFG (xˆ, y1) ,
where CABC (xˇ, xˆ, y) has been expanded in mass eigenmodes as:
CABC (xˇ, xˆ, y) =
∑
(n)
C(n) (xˇ)ω(n)ABC (xˆ, y) . (57)
If we restrict this sum to the harmonic 3-form modes, with mass m ≃ 0.2A
B
, then
when the coupling (56) is inserted into a momentum-space Feynman diagram for two
gluons to turn into a C(n), which then decays to 2 or 3 SM gauge bosons, the massless
propagator G4F at each end of the C(n) propagator becomes a factor
1
m2
near the C(n)
mass shell. Thus near the C(n) mass shell, the coupling (56) has the standard form
for the coupling of the SM gauge bosons to axion fields C(n) (xˇ) [102]. However the
C(n) fields, whose mass would be around a TeV, are very different from conventional
axions, which are extremely light [103, 104].
If candidates for the C(n) modes are observed and their decays to 3 gluon jets can
be identified, the coupling (56) could be tested by plotting the energies of the 3 gluon
jets, in the reconstructed rest frame of the candidate C(n) mode, on a Dalitz plot
[105, 106, 107]. The coupling is proportional to the 4-momentum of the C(n) mode
because ǫµνσρ(4) F
A
[µν F
A
σρ] is a total derivative, so in radiation gauge in the rest frame of the
C(n) mode, the polarizations of the gluons in the 3-gluon term in (51) must be linearly
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independent, and that is not possible if the 3 gluons are collinear. Thus the amplitude
vanishes for 3 collinear gluons, which means that the distribution of events will be
depleted near the edges of the Dalitz plot, which are the lines 2E1 = m, 2E2 = m, and
2E3 = m. The background to this effect would include both the QCD background, and
the decays of the candidate C(n) modes to 2 gluons, where one of the gluons radiates a
third gluon.
2.2 The Kaluza-Klein modes of the metric
The background solution of the field equation for the metric depends essentially on
the presence of the leading quantum correction (4) to the CJS action, so the presence
of that term has to be taken into account in studying the Kaluza-Klein modes of the
metric. However (4) is 8th order in derivatives, so it has to be treated as a perturbation
of the momentum-dependent terms in the action of the Kaluza-Klein modes. For a
first approximation, I shall neglect the contribution of (4) to the momentum-dependent
terms in the action of the Kaluza-Klein modes, and calculate the contribution of (4)
to the mass squared of the dilaton/radion. I shall then assume that the contribution
of (4) to the mass squared of the other light Kaluza-Klein modes of the metric is of
similar magnitude to its contribution to the mass squared of the dilaton/radion.
I shall write the perturbed metric as G¯IJ ≡ GIJ + 2hIJ , where GIJ is the metric
defined by (14), and hIJ is the perturbation tensor. Indices will still be raised and
lowered with GIJ , and covariant derivatives DI will still be defined in terms of the
unperturbed metric GIJ , and satisfy DIGJK ≡ 0. Repeated lower coordinate indices
are still understood to be contracted with GIJ . The inverse of G¯IJ will be written as
ˇ¯G
IJ ≡ GIJ − 2hIJ + 4hIKhKJ − . . ., to distinguish it from the tensor obtained from
G¯IJ by raising both its indices with G
IJ . Other quantities defined in terms of G¯IJ will
be written with a double bar above them. Repeated lower coordinate indices are still
understood to be contracted with an unperturbed inverse metric GIJ , in accordance
with the convention stated between (8) and (9). Then we have the tensor:
∆I
J
K ≡ Γ¯IJK − ΓIJK = ˇ¯G
JL
(DIhKL +DKhIL −DLhIK) , (58)
and the tensor:
R¯IJ
K
L = RIJ
K
L +DI∆J
K
L −DJ∆IKL +∆IKM∆JML −∆JKM∆IML, (59)
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and also:
e¯ =
√
−G¯ = e
(
1 + hII − hIJhJI + 1
2
hIIhJJ
)
, (60)
where the double-barred quantities in the above equations are defined in terms of G¯IJ
with their indices in the positions shown. We then find [108, 109, 110]:
e¯R¯ = e¯ ˇ¯G
IJ
R¯IJ = e¯
ˇ¯G
IJ
R¯KI
K
J
∼= e
(
R+hIIR−2hIJRIJ+2hIKhKJRIJ+2hIKhJLRIJKL−2hKKhIJRIJ−hIJhJIR
+
1
2
hIIhJJR−DKhIJDKhIJ+2DIhIKDJhJK−2DIhIJDJhKK+DKhIIDKhJJ
)
,
(61)
where ∼= means up to the addition of total derivative terms, and the identity:
eDIhJKDJhIK ∼= eDIhIKDJhJK − ehIKhKJRIJ + ehIKhJLRIJKL (62)
has been used.
Let X8 be defined such that Γ
(8,bos)
SG , in (4), is
1
2κ211
∫
B d
11xeX8. Let X¯8 denote X8 as
calculated from (4), (6), (9), (10), (11), and the definition of Z˜ as explained after (11),
with GIJ replaced by G¯IJ = GIJ + 2hIJ , and let
[
X¯8
]
w.o.∆
denote X¯8, but with ∆I
J
K
in (59) set to 0, so that
[
X¯8
]
w.o.∆
does not contain any derivatives acting on hIJ . Let
∂[X¯8]
w.o.∆
∂hIJ
∣∣∣∣
G
denote the ordinary derivative of
[
X¯8
]
w.o.∆
with respect to hIJ at hIJ = 0,
where as usual in differentiating a function that depends on a symmetric tensor, all
components of the tensor are treated as independent in the argument of the function,
so that
∂[X¯8]
w.o.∆
∂hIJ
∣∣∣∣
G
hIJ is the linear term in the expansion of
[
X¯8
]
w.o.∆
in powers of hIJ .
Let
[
X¯8
]
1∆
denote the part of the linear term in the expansion of X¯8 in powers of hIJ
that arises from ∆I
J
K only, and let
[
X¯8
]
2,rd.
denote the quadratic term in the expansion
of X¯8 in powers of hIJ , but with the term −2∂[X¯8]w.o.∆∂hIJ
∣∣∣∣
G
hIKhKJ , that originates from
the quadratic term in the expansion of ˇ¯G
IJ
, removed. Let Λ
(bos)
SG be the integrand of
Γ
(bos)
SG in (2). Then the expansion of 2κ
2
11Λ¯
(bos)
SG without the metric-independent CJS
Chern-Simons term, through quadratic order in hIJ , up to total derivative terms, can
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be written:
e¯R¯ − 1
48
e¯G¯
IM
G¯
JN
G¯
KO
G¯
LP
HIJKLHMNOP + e¯X¯8
∼= e
(
1 + hNN − hMNhNM + 1
2
hMMhNN
){
R− 1
48
HIJKLHIJKL +X8
}
+ e (1 + hNN ) (−2hIM + 4hIOhOM)

RIM − 112HIJKLHMJKL −
1
2
∂
[
X¯8
]
w.o.∆
∂hIM
∣∣∣∣∣∣
G


− eDIhJKDIhJK + 2eDIhIKDJhJK − 2eDIhIJDJhKK
+ eDIhJJDIhKK − 2ehIKhKJRIJ + 2ehIKhJLRIJKL
− 1
2
ehIMhJNHIJKLHMNKL + ehNN
[
X¯8
]
1∆
+ e
[
X¯8
]
2,rd.
(63)
For the unperturbed solution considered here, the field equation (18) resulting from
varying A, or equivalently, the field equation resulting from varying Gµν , states that
the action is zero, so the contents of the first pair of braces in (63) are 0. This requires
fine-tuning the root mean square flux strength h in (1) , and from [111] or page 34 of
[20], this can easily be achieved to the required precision of about 1 part in 1090 of
h2, due to the large flux numbers of the fluxes wrapping typical 4-cycles of H¯7, with
intrinsic 4-area ∼ 1030, even when the fine-tuning is required to hold over the relatively
small local regions over which the Lukas-Ovrut-Waldram harmonic expansion [21] is
assumed to be applied. The observed cosmological vacuum energy density of about
(2.3× 10−3 eV)4 [112, 113, 114] is negligible for terrestrial laboratory experiments,
and I shall here treat the contents of the first pair of braces in (63) as exactly 0. The
contents of the second pair of braces in (63) are then also exactly 0 in consequence
of the field equation (19) resulting from varying B, or equivalently, the field equation
resulting from varying GAB, since to first order in hIJ , the only hIJ -dependent terms
in the right-hand side of (59) are the two D∆ terms, and when we integrate the D
away from the ∆ by parts in Γ¯
(8,bos)
SG , the D can only act on an RIJKL, whose covariant
derivatives are all 0, by the local symmetry of the metric ansatz (14).
When we split the index I to µ and A, the third and fourth terms after the second
pair of braces in (63) contain mixing terms between hµν and the dilaton/radion, which
is here proportional to hAA. This mixing arises because the coefficient of
√−gˇR (gˇ) in
(39), when (39) is derived from (3) by integration over H¯7, is proportional to the volume
V¯ 7 of H¯
7
. This mixing can always be removed in a manner consistent with general
covariance along the extended dimensions, by making a dilaton-dependent conformal
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transformation of the metric gˇµν along the extended dimensions, of the form gˇµν =(
V¯ 7
V7
)− 2
d−2 ˇˇgµν , where d is the number of extended dimensions, here 4. This is usually
referred to as going to Einstein frame [115].
To the relevant order for the mixing terms, V¯ 7
V7
= 1 + hAA, from (60). Thus from
gˇµν = G¯µν = Gµν+2hµν , and defining ˇˇgµν ≡ Gµν+2sµν , we have hµν = sµν− 1d−2hAAGµν .
We also define tAB ≡ hAB − 1nhCCGAB, where n is the number of compact dimensions,
here 7, so that tAA = 0. Then after adding gauge-fixing terms as follows, (63) becomes:
−eDIhJKDIhJK + 2 eDIhIKDJhJK − 2 eDIhIJDJhKK
+ eDIhJJDIhKK − 2 ehIKhKJRIJ + 2 ehIKhJLRIJKL
− 1
2
ehIMhJNHIJKLHMNKL + ehNN
[
X¯8
]
1∆
+ e
[
X¯8
]
2,rd.
− 2 e
(
a˜Dµsµν + b˜Dνsµµ +
1
a˜
DAhνA
)(
a˜Dσsσν + b˜Dνsσσ +
1
a˜
DBhνB
)
−ea˜ + b˜
a˜
(
−2 DµhµB+DBsµµ− a˜
a˜+ b˜
(
DAhAB+
1
d− 2DBhAA
))(
−2 DνhνB
+DBsνν − a˜
a˜ + b˜
(
DChCB +
1
d− 2DBhCC
))
∼=
∼= −e∂µsνσ∂µsνσ + 2
(
1− a˜2
)
e∂µsµσ∂νsνσ − 2
(
1 + 2a˜b˜
)
e∂µsµν∂νsσσ
+
(
1− 2 b˜2
)
e∂µsνν∂µsσσ − eDAsµνDAsµν − b˜
a˜
eDAsµµDAsνν
− 2 e∂µhνA∂µhνA − 2 a˜+ 2b˜
a˜
e∂µhµA∂νhνA − 2 eDAhµBDAhµB
+ 2eDAhµBDBhµA − 2
a˜2
eDAhµADBhµB − e∂µtAB∂µtAB − eDCtABDCtAB
+ 2 eRABCDtACtBD − 2 eRABtACtBC − 1
2
eHABCEHABDF tCDtEF
+
a˜+ 2b˜
a˜+ b˜
e
(
DAtAC +
(
1
d− 2 +
1
n
)
DChAA
)(
DBtBC +
(
1
d− 2 +
1
n
)
DChBB
)
−
(
1
d− 2 +
1
n
)
e∂µhAA∂µhBB −
(
1
d− 2 +
1
n
)
eDChAADChBB
− 1
2n2
eHABCDHABCDhEEhFF + ehNN
[
X¯8
]
1∆
+ e
[
X¯8
]
2,rd.
(64)
Here a˜ and b˜ are gauge parameters, (1) has been used to set HABCDHABCEtDE to 0,
and eDAhµADBhµB − eRABhµAhµB ∼= eDAhµBDBhµA, valid for the metric (14), has
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been used. If we choose a˜ = 1, b˜ = −1
2
, we obtain de Donder gauge for sµν and
Feynman gauge for hµA, and the traceless tensor modes tAB on H¯
7 are decoupled from
hAA, apart from possible couplings coming from the last two terms.
The tAB and hAA modes are where tachyons are most likely to occur [116, 109].
If we ignore the last two terms in (64), then after making a Kaluza-Klein ansatz
tAB = t (xˇ)ωAB (x¯), the intrinsic masses m¯ of the tAB modes are determined by the
spectrum on H¯7 in the metric GAB = B
2g¯AB of the equation:
(65)
−DCDCωAB − 2 RACBDωCD +RACωCB + RBCωCA
+
1
2
HACEFHBDEFωCD − 1
2n
GABHCEFGHDEFGωCD =
m¯2
B2
ωAB.
The last term in the left-hand side of (65) results from the tracelessness of tAB in
(64). From pages 42 to 43 of [20], the masses of these modes, as seen on the HW
boundary, are m = A
B
m¯, where A and B are the constants in the metric ansatz (14).
The first 4 terms in the left-hand side of (65) are known as the Lichnerowicz Laplacian
acting on the traceless symmetric tensor ωAB. On uncompactified H
n of sectional
curvature − 1
B2
with n > 2, its spectrum extends from (n−1)(n−9)
4B2
to +∞ [117, 118].
If similar eigenfunctions with approximately the same eigenvalues exist on H¯n, then
from (1), with the best estimate η ≃ 1.425 from the second paragraph before (23),
where η = h
B3
from (17), the spectrum of m¯2 in (65) on H¯7 would extend from about
−3 − 1.02 = −4.02 to +∞. Thus the tAB modes would include tachyons, unless the
last two terms in (64) lift their squared masses sufficiently.
The dilaton/radion is the mode of hAB such that hAB is an x¯-independent multiple
of GAB, so that all covariant derivatives DAhBC are 0, and tAB = 0. For this mode
G¯AB = GAB+2hAB = (B + δB)
2 g¯AB, so hAA = 7
(
δB
B
+ (δB)
2
2B2
)
. From just before (63),
Λ
(bos)
SG is the integrand of Γ
(bos)
SG in (2), and after substituting for δB in terms of hAA,
the expansion of Λ¯
(bos)
SG in powers of δB through quadratic order has the form:
Λ¯
(bos)
SG = Λ
(bos)
SG +
∂Λ
(bos)
SG
∂B
B
(
1
7
hAA − 1
98
hAAhBB
)
+
1
98
∂2Λ
(bos)
SG
∂B2
B2hAAhBB (66)
In the vacuum, Λ
(bos)
SG and
∂Λ
(bos)
SG
∂B
vanish by (18) and (19) respectively, and from (23),
with the best estimate η ≃ 1.425 from the second paragraph before (23), ∂2Λ
(bos)
SG
∂B2
≃
−1.18 A4
√
g¯
κ
2/3
11 B
3
. Thus after adding the momentum-dependent part of the dilaton/radion’s
kinetic term from 1
2κ211
times (64) with d = 4 and n = 7, neglecting any momentum-
dependent contributions from the last two terms in (64), the terms quadratic in hAA
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in the gauge-fixed Λ¯
(bos)
SG,g.f., in a gauge with a˜+ 2b˜ = 0, are:
Λ¯
(bos)
SG,g.f. ≃ −
A4B7
√
g¯
2κ211

 9
14
∂µhAA∂µhBB +
1
49
1.18κ
4/3
11
B8
hAAhBB

 . (67)
Thus using the best estimate B ≃ 0.28κ2/911 from the second paragraph before (23), the
intrinsic mass squared of the dilaton/radion is ≃ 78, so from pages 42 to 43 of [20], the
dilaton/radion’s mass, as seen on the HW boundary, is mdil ≃ 9AB .
The dilaton/radion’s intrinsic mass squared receives a contribution ≃ 1.4 from the
third from last term in (64), and the remaining ≃ 76.3 comes from the last term
in (64), so its relatively large size suggests that the last two terms in (64) might
be able to raise the squared intrinsic masses of the tAB modes sufficiently to avoid the
occurrence of tachyons. The relatively large value of the mass term in (67) is due to the
relatively small value of B
κ
2/9
11
≃ 0.28, notwithstanding that this value of B
κ
2/9
11
satisfies the
Giudice-Rattazzi-Wells perturbativity criterion [57] by a substantial margin, as noted
in the paragraph before (23). It is interesting to note that the above estimate of the
dilaton/radion mass is about 42 times larger than the mass ≃ 0.2A
B
of the classically
massless harmonic 3-form modes found in subsection 2.1.1.
If we ignore the last two terms in (64), then after making a Kaluza-Klein ansatz
hµA = hµ (xˇ)ωA (x¯), the intrinsic masses m¯ of the hµA modes are determined by
the spectrum on H¯7 in the metric g¯AB of sectional curvature −1 of the equation
− (δd+ dδ)ω = m¯2ω, where δd+ dδ is the Hodge - de Rham Laplacian for 1-forms on
H¯7. So from pages 9 to 12 and 16 to 17 of [20], it seems likely that the lightest massive
modes of hµA will have intrinsic mass m¯ = 2, up to corrections from the last two terms
in (64) [12, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 16, 92, 93]. And from
pages 42 to 43 of [20], their masses in this approximation, as seen on the HW boundary,
are m = 2A
B
, where A and B are the constants in the metric ansatz (14). However
the relatively large contribution of the last term in (64) to the dilaton/radion’s mass
squared suggests that the last two terms in (64) might give a larger contribution to m¯2
for these modes than the value 4 obtained in this first approximation.
There are no massless vector modes hµA corresponding to continuous symmetries
of H¯7, because H¯7 is a smooth compact negatively curved Einstein space, and there-
fore cannot have any continuous symmetries. For a vector field V A that generates a
continuous symmetry on a smooth Riemannian manifold M satisfies the Killing vec-
tor equation DAVB + DBVA = 0, and thus 0 = D
A (DAVB +DBVA). But from the
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definition (5) of the Riemann tensor, on page 4, we have DADBVA = DBD
AVA +
RBDV
D, and from the Killing vector equation, we have DAVA = 0. And if M is
a negatively curved n-dimensional Einstein space with n > 2, then RBD = −αgBD,
where α = − 1
n
R > 0 is independent of position by the contracted Bianchi identity,
DAR − 2DBRAB = − (n− 2) ∂Aα = 0. Thus we find DADAVB = αgBDV D, hence
V BDADAVB = αV
BgBDV
D. Thus if M is compact, we find on integrating by parts
that: ∫
M
ddx
(
DAV B
)
(DAVB) = −α
∫
M
ddxV BgBDV
D (68)
The left-hand side of this equation is ≥ 0, but for nonzero V A, the right-hand side is
< 0, so there can be no such nonzero V A.
The classically massless hµA modes corresonding to harmonic 1-forms on H¯
7 could
obtain masses from terms in the last term in (64) built from hµAhµB and the vacuum
RABCD and HABCD, as well as from further quantum corrections, like the harmonic
p-form modes of CIJK.
If we ignore the last two terms in (64), then after making a Kaluza-Klein ansatz
sµν = sµν (xˇ)ω (x¯), the intrinsic masses m¯ of the sµν modes are determined by the
spectrum on H¯7 in the metric g¯AB of sectional curvature −1 of the negative of the
Laplace-Beltrami operator: − 1√
g¯
∂A
(√
g¯gAB∂Bω
)
= m¯2ω. So from pages 9 to 12 and
16 to 17 of [20], it seems likely that in this approximation, the lightest massive modes
of sµν will have intrinsic mass m¯ = 3 [12, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88,
89, 90, 91, 16, 92, 93], and from pages 42 to 43 of [20], their masses as seen on the HW
boundary will be m = 3A
B
, where A and B are the constants in the metric ansatz (14).
But as for the hµA modes, the relatively large contribution of the last term in (64)
to the dilaton/radion’s mass squared suggests that the last two terms in (64) might
give a larger contribution to m¯2 for these modes than the value 9 obtained in this first
approximation.
If we make the limiting gauge choice b˜ → −a˜ + a˜2, a˜ → 0 in (64), we obtain the
Fierz-Pauli unitary gauge for the massive sµν modes and the Proca unitary gauge for
the massive hµA modes along the extended dimensions [119, 95, 96], and Landau-gauge-
like restrictions DAhµA = 0 and DAtAC +
(
1
d−2 +
1
n
)
DChAA = 0 on the dependence
of the modes on position on H¯7, which in the same way as for the 3-form gauge field
means that some of the massive modes obtained in the de Donder/Feynman gauge are
unphysical, and would be cancelled by corresponding Faddeev-Popov ghosts in the de
Donder/Feynman gauge. The gauge invariance for the massless sµν modes is unfixed
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in the limiting unitary gauge, and we are free to add additional gauge-fixing terms just
for these modes, which are independent of position on H¯7.
3 Modes that decay along the beam line outside
the interaction region at the LHC
The classically massless harmonic 3-form modes were found in subsection 2.1.1 above
to aquire approximately equal masses ≃ 0.2A
B
, and in subsection 2.1.2 their leading
couplings (56) to the SM gauge bosons were found to be axion-like near their mass
shell. From pages 17 to 19 of [20], their number is expected to be ∼ V¯7
lnV¯7
, so they
could be sufficiently numerous for their large number to compensate for the ∼ 1√
V¯7
suppression of their couplings enough for them to be seen at the LHC.
From pages 12 to 13 of [20], it seems possible, on the basis of the results of [120] and
[121], that the lightest generic classically massive modes of Cµνσ, CµνA, CµAB, sµν , hAA,
and hµA, with classical masses 3
A
B
, 2A
B
, A
B
, 3A
B
, 3A
B
, and 2A
B
respectively, could have
large degeneracies ∼ V¯7, that restore agreement between the spectral staircase and the
Weyl asymptotic formula for the number of modes up to mass m, immediately above
the generic spectral gap. Any non-generic lighter modes would be too few to see at
the LHC. However the much larger mass ≃ 9A
B
calculated in subsection 2.2 above for
the dilaton/radion mode of hAA, which is classically massless, suggests that when the
contributions of the Γ
(8,bos)
SG term (4) in (2) are included, the lightest classically massive
modes of all the above types, and also the lightest modes of tAB and the lightest modes
of CABC other than the harmonic 3-form modes, might all have masses ∼ 8AB or more.
The harmonic 1-form, 2-form, and 3-form modes of CµνA, CµAB, and CABC re-
spectively have vanishing field strength HIJKL, and thus cannot get masses directly
from the CJS action (3) or Γ
(8,bos)
SG . The leading contributions to the masses of these
modes come from loop diagrams that contain two CJS Chern-Simons vertices, whose
contribution to the mass of the harmonic 3-form modes of CABC was approximately
calculated in subsection 2.1.1 above. It is the fact that CABC has no classical spectral
gap [85, 91] that results in the number of harmonic 3-form modes being ∼ V¯7
lnV¯7
, while
the numbers of harmonic 2-form and 1-form modes are ∼ V¯ α7 , with α < 1 [99, 100].
Thus it seems possible that the model considered here and in [20] has several types
of approximately degenerate bosonic modes of the supergravity multiplet, such that
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the numbers of approximately degenerate modes of each type are large enough to
compensate for the ∼ 1√
V¯7
suppression of their couplings to the SM states, so that
the modes could be seen at the LHC. The lightest such modes are likely to be the
classically massless harmonic 3-form modes of CABC , with mass ≃ 0.2AB , and axion-like
couplings to the SM gauge bosons.
3.1 Approximate distribution of decay lengths
Considering now the modes of just one of these types, approximately degenerate with
mass m, the modes will not be exactly degenerate, because the root mean square field
strength h of the vacuum 4-form fluxes is likely to vary slightly from region to region
on H¯7, and moreover for the harmonic 3-form modes, the degeneracy depends on the
approximation discussed in the second paragraph after (44). The variation of h from
region to region on H¯7 will be random, so by Anderson localization [122], the modes
will be approximately localized on different regions of H¯7. For the following rough
estimates I shall treat the modes as if they were scalars, both along the 4 extended
dimensions and along H¯7. The spherically symmetric eigenmodes of the Laplace-
Beltrami operator on uncompactified H7 behave like e−3y¯ times an oscillating factor at
large intrinsic geodesic distance y¯ from their centre of spherical symmetry [123, 124], so
I shall assume that the approximately localized modes behave roughly as e
−
(
3+ 1
L¯loc
)
y¯
,
where y¯ is the intrinsic geodesic distance from their centre of localization, and the
intrinsic localization length L¯loc is likely to be ∼ L¯72 for the harmonic 3-form modes,
which from the discussion after (41) above is ∼ 14 if H¯7 is reasonably isotropic, and
M11 is near its current lower limit of 2.3± 0.7 TeV for 7 flat extra dimensions.
The coupling constant c of one of these modes to the SM fields is roughly the
amplitude e
−
(
3+ 1
L¯loc
)
y¯
of the mode at the HW boundary times a constant that is the
same for all the modes of this type, as for example in (56) above, where y¯ is now the
intrinsic geodesic distance from the HW boundary to the localization centre of the
mode. The s channel production rate of such a mode is proportional to c2, and its
width is also proportional to c2, so its lifetime is proportional to 1
c2
. If such a mode is
produced at the interaction point (IP) in ATLAS or CMS, it will have a longitudinal
momentum along the beam direction equal to the net longitudinal momentum of the
two partons that produced it. The distribution of longitudinal momentum of the
mode, and of the corresponding relativistic enhancement factor for its lifetime in the
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laboratory frame, are independent of c, so for a rough estimate I shall treat the mode
as having a fixed decay length l along the beam direction, that is 1
c2
times a constant
that is the same for all the modes of this type.
For reasonably isotropic H¯7, the intrinsic volume of H¯7 between intrinsic geodesic
distances y¯ and y¯+dy¯ from a fixed point of H¯7 is from page 9 of [20] roughly a constant
times e6y¯dy¯, for y¯ up to its maximum value ≃ L¯7
2
. Thus the number of modes whose
coupling constant to the SM fields is between c and c+ dc is roughly c
− 6L¯loc
3L¯loc+1
dc
c
, times
a constant that is the same for all the modes of this type. So the number of modes
whose decay length along the beam direction is between l and l+dl is roughly l
3L¯loc
3L¯loc+1
dl
l
,
times a constant that is the same for all the modes of this type.
The number of particles of decay length l decaying between distances z and z + dz
along the beam line from the IP per unit time, summed over both directions along
the beam, is dz
l
e−z/l times the production rate of particles of decay length l. The
production rate of one of the approximately degenerate modes of mass m at the LHC
is proportional to c2, thus is 1
l
times a constant that is the same for all the modes of
this type. Thus the number of particles of this type decaying between distances z and
z + dz along the beam line from the IP per unit time is:
k1dz
∫ lmax
lmin
1
l
e−z/l
1
l
l
3L¯loc
3L¯loc+1
dl
l
≃ k2z−
3L¯loc+2
3L¯loc+1
(
1− e−z/lmin
)
dz, (69)
where k1 and k2 are constants that are the same for all modes of this type, lmin ∼ 10−19
metres, lmax is determined by the maximum value ≃ L¯72 of y¯, and in the right hand side
of (69) I have set lmax to ∞ since the integral of (69) over z is convergent at large z,
and used an approximation for the incomplete Γ function.
The integral of the right-hand side of (69) over z from 0 to∞ is convergent at both
limits, and by integration by parts is equal to:
k2
(
3L¯loc + 1
)
Γ
(
3L¯loc
3L¯loc + 1
)
l
− 1
3L¯loc+1
min ≃ k2
(
3L¯loc + 1
)
l
− 1
3L¯loc+1
min , (70)
where the right hand side of (70) is approximately valid for L¯loc > 1.
Thus even though the vast majority of the approximately degenerate modes of mass
≃ m couple only with gravitational strength to the SM fields, so that their lifetimes
are ∼ 1
GNm3
∼ hours [57], the approximate localization of the modes on H¯7, and the
inverse proportionality of the production rate of the modes to their decay length, mean
that most of the modes actually produced at the LHC decay in or near the detectors,
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so that the Breit-Wigner formula [107, 125] can be used to calculate the total cross-
section for the production and decay of these modes in the s channel, as implicitly
assumed on pages 13 to 16 of [20]. The possibility that modes seen at the LHC could
be a relatively small number of linear combinations, localized near the HW boundary,
of the large number of approximately degenerate modes, and that the modes localized
near the HW boundary would have correspondingly large couplings to the SM fields,
was noted on page 43 of [20].
3.2 Approximate total cross-section
For comparison with the LHC data, let N be the number of approximately degenerate
modes of mass ≃ m, and µ be the width of the distribution over which the modes are
spread. The N approximately degenerate modes of mass ≃ m will be labelled by an
index n. I will assume that µ ≥ Γn for all the modes |n〉, where Γn is the total width
of the mode |n〉.
A monoenergetic high energy beam of protons of energy E is equivalent to a beam
of partons, such that the number of u quarks per unit area per unit time with energy
between xE and (x+ dx)E is fu (x) dx times the number of protons per unit area per
unit time, and similarly for the other types of parton, where fp (x), p = u, d, g, u¯, d¯, . . .
are the parton distribution functions (PDFs). The PDFs evolve logarithmically with
Q2, the square of the momentum transferred in a scattering process, and for a rough
estimate I shall use the plot [126] with Q2 = 104 GeV2.
The plot [126] shows that to a good approximation, fg (x) ≥ 10fu¯ (x) for all x,
fg (x) ≥ fu (x) for all x ≤ 0.1, fg (x) ≥ 0.1fu (x) for x up to at least 0.4, fg (x) ≥ 5fd¯ (x)
for all x, fg (x) ≥ fd (x) for x ≤ 0.25, and fg (x) ≥ 0.2fd (x) for x up to at least 0.35.
The modes of mass ≃ m are uncharged, and couple with approximately equal strength
to all the partons, so for a first approximation, valid for m up to at least about 2.5
TeV for the LHC with 7 TeV centre of mass energy, I shall consider the gg initial state
only.
If N was 1 and all the modes of mass ≃ m produced in the s channel decayed
within the detector, then the total cross-section for the process gg → n → f , where
|n〉 is the mode of mass ≃ m, which for the rough estimates here I am treating as if it
was a scalar, and f is an SM final state such as uu¯, gg, W+W−, ... , would be given
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in the |n〉 rest frame by the Breit-Wigner formula [107, 125]:
σ (gg → n→ f) = 1
8
· 1
22
· 1
2
· 4π · Γn→ggΓn→f
E2
· 1(
(E −mn)2 + Γ2n/4
) , (71)
where E is the invariant mass of the gg system, and Γn→gg and Γn→f are the partial
widths for |n〉 decay to gg and f . The factor 1
8
is the probability that the two initial
gluons can form a colour singlet, the factor 1
22
is for the average over the helicity states
of the initial gluons, and the factor 1
2
is the probability that the helicities of the two
initial gluons sum to 0.
For each type of SM final state f , Γn→f =
∫ |〈f |n〉 |2dρf , where ∫ . . . dρf represents
a phase space integration that is independent of n [107, 125]. The mode |n〉 is not
present in the final state, so for N > 1 we have to sum the amplitude over all the modes
|n〉. The amplitude factor that leads to the final two factors in σ (gg → n→ f), (71),
after the phase space integrations are done, is:
1
E
〈f |n〉〈n|gg〉 1
E −mn + iΓn/2 . (72)
In the example (56), the only dependence on the mode |n〉 of the matrix element
〈f |n〉, for SM final states f consisting of SM gauge bosons, whose wave functions are
independent of position on the closed hyperbolic factor H¯6 of the HW boundary, is
effectively via a single coupling constant that measures the integral of |n〉 over the HW
boundary, weighted by the vacuum 4-form fluxes at the boundary. If the final state f
includes quarks or leptons, whose wave functions depend on position on H¯6, different
|n〉, whose wave functions are larger or smaller in different regions of H¯6, could couple
with different effective coupling constants to different quarks and leptons. But from
the discussion after (41), on page 14, the intrinsic diameter L¯6 of H¯
6 lies between about
5.7 and 6.0 if H¯6 is reasonably isotropic, and the current upper bound on the intrinsic
diameter L¯7 of H¯
7 is about 28 if H¯7 is reasonably isotropic, so since the curvature
radius b1 of H¯
6 is ≃ B, the ratios L¯7/L¯6 and L7/L6 lie between about 4.9 and 4.7, if
both H¯6 and H¯7 are reasonably isotropic, and L¯7 is near its current upper bound.
I shall therefore assume that for a first approximation, the only dependence of
the matrix element 〈f |n〉 on the mode |n〉 is via a single real-valued effective coupling
constant c ≥ 0 that measures how large the wave function of |n〉 is at the HW boundary.
We now choose a particular element of the eigenmode basis that is localized close to
H¯6, say |1〉. For each mode |n〉, we define the coupling constant cn of |n〉 to the SM
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states to be such that for one particular SM final state 〈f0|, 〈f0 |n〉 = 〈f0 |1〉 cn. Then
for all SM final states 〈f |:
〈f |n〉 ≃ 〈f |1〉 cn. (73)
Let ρˆ2 (c,m
′) be such that the number of elements |n〉 of the eigenmode basis such
that cn lies between c and c + dc, and the exact mass mn of |n〉 lies between m′ and
m′ + dm′, is ρˆ2 (c,m′) dcdm′. I shall assume that due to the random and uncorrelated
nature of the slight variations from region to region on H¯7 of the root mean square
field strength h of the vacuum 4-form fluxes, ρˆ2 (c,m
′) approximately factorizes as:
ρˆ2 (c,m
′) ≃ ρˆc (c) ρˆm (m′) , (74)
where ∫ ∞
0
dcρˆc (c) = 1,
∫ m+µ/2
m−µ/2
ρˆm (m
′) dm′ = N. (75)
Then: ∑
n
〈f |n〉 〈n |gg〉 ≃ 〈f |1〉 〈1 |gg〉
∫ ∞
0
dc
∫ m+µ/2
m−µ/2
dm′c2ρˆ2 (c,m
′) ≃
≃ N〈f |1〉 〈1 |gg〉
∫ ∞
0
dcc2ρˆc (c) . (76)
The number N of approximately degenerate modes |n〉 of mass ≃ m would be at most
∼ V¯7, which for m ∼ κ−2/911 ∼ TeV is ∼ 1032. I shall assume that ρˆm (m′) is smooth,
and is 0 for |m′ −m|≥ µ/2.
The only factor in the amplitude factor (72) that varies significantly with mn over
the mass range m− µ/2 ≤ mn ≤ m+ µ/2 is the final factor:
1
E −mn + iΓn/2 , (77)
where by assumption Γn ≤ µ. The sum of the amplitude factor (72) over the modes
|n〉 can be replaced by integrals over c = cn and m′ = mn as in (76). To a first approx-
imation, when multiplied by the smooth density of states ρˆ2 (c,m
′) ≃ ρˆc (c) ρˆm (m′)
and integrated over m′, the m′-dependent factor (77) is effectively ≃ −iπδ (E −m′),
because the iΓn/2 means that the integration path has to go around the singularity
in the lower half of the complex m′ plane. Choosing the integration path to be along
the real axis except for a small semicircle centred at m′ = E, the contributions from
the real axis cancel to a good approximation for Γn ≪ µ, and roughly cancel for all
Γn ≤ µ, and the semicircle gives −iπ times the density of states ρˆc (c) ρˆm (m′) evalu-
ated at m′ = E. Thus the sum of the amplitude factor (72) over the modes |n〉 is
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approximately: ∑
n
1
E
〈f |n〉 〈n |gg〉 1
E −mn + iΓn/2 ≃
≃ −iπ 1
E
〈f |1〉 〈1 |gg〉
∫ ∞
0
dcc2ρˆc (c)
∫ m+µ/2
m−µ/2
dm′ρˆm (m
′) δ (E −m′) ≃
≃ −iπ 1
E
ρˆm (E) 〈f |1〉 〈1 |gg〉
∫ ∞
0
dcc2ρˆc (c) ≃
≃ −iπ 1
E
ρˆm (E)
1
N
∑
n
〈f |n〉 〈n |gg〉 . (78)
where (76) was used at the last step.
For N modes, the final two factors in (71) are replaced by the phase space integrals∫ ∫
. . . dρfdρgg of the squared magnitude of the mode sum (78) of the amplitude factor
(72), which are approximately:
π2
1
E2
ρˆm (E)
2 1
N2
∫ ∫ ∑
n
〈f |n〉 〈n |gg〉∑
n′
〈gg |n′〉 〈n′ |f〉 dρfdρgg ≃
≃ π2 1
E2
ρˆm (E)
2 1
N2
∫ ∫ ∑
n
∑
n′
c2nc
2
n′〈f |1〉 〈1 |gg〉 〈gg |1〉 〈1 |f〉 dρfdρgg ≃
≃ π2 1
E2
ρˆm (E)
2 1
N2
∫ ∑
n
〈f |n〉 〈n |f〉 dρf
∫ ∑
n′
〈gg |n′〉 〈n′ |gg〉 dρgg, (79)
where the approximate factorization (73) has been used at each step.
In addition to the eigenmode basis of the modes |n〉 of mass ≃ m, we can consider
a basis where all the modes are approximately uniformly spread out over H¯7, and thus
by (41) couple with approximately equal, gravitational, strength to the SM fields. Let
{|n¯〉} be a basis of this type. It is related to the eigenmode basis by an N ×N unitary
transformation.
The partial widths Γn¯→f ≡
∫ |〈f |n¯〉 |2dρf of the modes in the {|n¯〉} basis are
estimated in order of magnitude by [57]:
Γn¯→gg ∼ Γn¯→ggg ∼ . . . ∼ Γn¯→uu¯ ∼ . . . ∼ Γn¯→ντ ν¯τ ∼ m3GN ∼ 10−32TeV, (80)
where the final ∼ applies for m ∼ TeV. Thus for all SM final states f :
∫ ∑
n
〈f |n〉 〈n |f〉 dρf =
∫ ∑
n¯
〈f |n¯〉 〈n¯ |f〉 dρf ∼ Nm3GN . (81)
Thus from (79), the last two factors in (71) are for the N modes replaced by roughly:
∼ π2 1
E2
ρˆm (E)
2m6G2N . (82)
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Thus the total cross-section is roughly:
σ (gg → any n→ f) = 1
8
· 1
22
· 1
2
· 4π · π2 1
E2
ρˆm (E)
2m6G2N ∼ m4G2N ρˆm (E)2 . (83)
To produce a mode |n〉 with mass ≃ m at rest with P = 3.5 TeV per proton, each
gluon needs x ≃ m
2P
. If the 4-momenta of the protons are (P, 0, 0, P ) and (P, 0, 0,−P )
and the momentum fractions of the gluons are x1 and x2, then their Mandelstam s is
P 2
(
(x1 + x2)
2 − (x1 − x2)2
)
= 4P 2x1x2. From the plot [126] we find that fg (x) ≃
0.060x−2.17 for 0.05 ≤ x ≤ 0.2, but substantially smaller than this for x ≥ 0.3. For
a first approximation I shall use fg (x) ≃ 0.060x−2.17 for 0 ≤ x ≤ 0.3 and fg (x) ≃ 0
for 0.3 < x ≤ 1. The initial partons are massless, so the final form of the estimate
(83) of the total cross-section in the centre of mass frame of the two gluons is also the
approximate total cross-section in the laboratory frame [125]. Thus the total cross-
section for proton + proton→ any n +X → f +X is roughly:
∫ 0.3
0
dx1
∫ 0.3
0
dx20.060
2 (x1x2)
−2.17m4G2N ρˆm (2P
√
x1x2)
2
≃ 0.0602m4G2N
N2
µ2
∫ 0.3
m2
1.2P2
dx1
x1
∫ 2m+µ
4P
2m−µ
4P
2xdx
x4.34
≃ 0.1m3G2N
N2
µ
(
P
m
)2.34
ln
0.6P
m
, (84)
where I approximated ρˆm (E) as
N
µ
from m − µ
2
to m + µ
2
and 0 outside this interval,
defined x ≡ √x1x2, and assumed µ≪ m and m2P ≤ 0.3.
As a reference estimate of the number N of approximately degenerate modes of
mass ≃ m, let NWeyl,m¯ be the Weyl asymptotic formula for the number of eigenmodes
of the negative of the Laplace-Beltrami operator ∆ = 1√
g¯
∂A
(√
g¯g¯AB∂B·
)
on H¯7, in the
metric g¯AB of sectional curvature −1, with eigenvalue up to m¯2, where m¯ = mBA is the
intrinsic mass corresponding to m:
NWeyl,m¯ =
V¯7
(2π)7
S6
m¯7
7
=
V¯7
840π4
m¯7, (85)
where S6 =
16
15
π3 is the area of the unit 6-sphere. Thus from (41):
NWeyl,m¯GN =
κ211m¯
7
6720π5A2B7
≃ 0.046m¯
9
m2
, (86)
where the best value B ≃ 0.28κ2/911 , from subsection 1.1, has been used.
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In numerical studies of the spectrum of −∆ on compact hyperbolic 3-manifolds of
small intrinsic volume, Inoue found that the Weyl asymptotic formula is approximately
valid down to the lowest non-zero eigenvalue λ1, so that if λ1 occurs at a larger value of
m¯ than would be expected from the Weyl formula, there is a degeneracy or approximate
degeneracy of eigenvalues near λ1, that restores agreement with the Weyl formula for
m¯2 above λ1 [120]. It is also known that for n ≥ 2, every H¯n has pairs of finite
covers of arbitrarily large volume ratio, whose sets of eigenvalues of −∆, ignoring
multiplicities, are identical [121], so since the Weyl asymptotic formula is certainly valid
for sufficiently large m¯, every H¯n has finite covers whose eigenvalues have arbitrarily
large multiplicities, for sufficiently large m¯.
It seems likely that NWeyl,m¯, (85), will give an under-estimate of N for the classically
massless harmonic 3-form modes, whose intrinsic mass was calculated approximately
as m¯ ≃ 0.2 in subsection 2.1.1, and an over-estimate for all the other types of mode.
For the harmonic 3-form modes, N is the 3rd Betti number B3 of H¯
7, which from pages
17 to 19 of [20], is expected to be ∼ V¯7
lnV¯7
. For a reference estimate of the coefficient,
the middle Betti number of an H¯n with even n and large intrinsic volume V¯n is from
pages 18 to 19 of [20] given roughly by Bn/2 ≃ (n−1)!!(2pi)n/2 V¯n, and in particular, for n = 6,
B3 ≃ 0.060V¯6, and for n = 8, B4 ≃ 0.067V¯8 [99, 100]. I shall use N3-form,ref ≡ 0.06 V¯7lnV¯7
as a reference estimate of B3 of H¯
7, which for V¯ 7 ∼ 1034, gives N3-form,ref ≃ 8×10−4V¯7,
while from (85), NWeyl,0.2 ≃ 2× 10−10V¯7.
The numbers of harmonic 2-form and 1-form modes are ∼ V¯ α7 , with α < 1 [99, 100],
so these modes are not expected to be observable at the LHC.
For the remaining modes, the much larger intrinsic mass m¯dil ≃ 9 calculated in sub-
section 2.2 for the dilaton/radion mode of hAA, which is classically massless, suggests
that the Γ
(8,bos)
SG term (4) in (2) might give an additive contribution ∼ 92 to the squares
of their intrinsic masses, so that a better estimate of N might be obtained by replacing
m¯ in (85) by
√
m¯2 − m¯20, for some m¯0 < m¯.
Substituting NWeyl,m¯ for N in (84) and using (86), we obtain:
σ (prot + prot→ any n+X → f +X) ∼ 10−4 m¯
18
µm
(
P
m
)2.34
ln
0.6P
m
, (87)
as a rough reference estimate of the total cross-section for the modes of each type
except the harmonic 3-forms, form < 0.6P , where P is the energy per proton, currently
3.5 TeV at the LHC. For the harmonic 3-forms, the reference estimate of N is N3-form,ref
not NWeyl,0.2, so the coefficient 10
−4 in the right-hand side of (87) is replaced by 109.
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3.3 LHC results and prospects
From (69) and (70), the fraction of the events where one of the N approximately
degenerate modes |n〉 of mass ≃ m is produced in the s channel, such that the |n〉
decays further than zcut ≫ lmin along the beam line from the IP, is ≃
(
zcut
lmin
)− 1
3L¯loc+1 .
Relevant searches at ATLAS and CMS have so far always accepted events that pass all
cuts not related to the position z of the reconstructed primary vertex along the beam
line relative to the IP, and for which |z|≤ 10 centimetres [127, 128, 69, 129, 130]. Thus
if the intrinsic localization length L¯loc was 28, which from the start of subsection 3.1, is
twice the largest expected value ≃ L¯7
2
≃ 14 for M11 at its current lower limit for 7 flat
extra dimensions, the fraction of |n〉 production events that miss the z cut would for
lmin ∼ 10−19 metres be at most about 0.6, and for smaller values of L¯loc, this fraction
would be smaller. Thus for comparison with the searches carried out so far at ATLAS
and CMS, the order-of-magnitude estimate (84) does not require any correction for the
z cut.
An early candidate for such modes was a 2.8 sigma bump at 1.8 TeV seen in the
first 295 per nb of proton-proton collisions at 7 TeV centre-of-mass (c.o.m.) energy in
ATLAS-CONF-2010-088 [127], which if real would have corresponded to a 27 pb cross-
section for the modes to be produced in the s-channel and decay within the 15 + 15
centimetres along the beam line centred at the nominal interaction point (IP) allowed
by the z cut on the primary vertex. However if the bump had been real there would
have been a bump in the dijet final state with a similar total cross-section, and from
Table II of [131], which used 1.0 per fb of proton-proton collisions at 7 TeV c.o.m.
energy, the 95% CL upper limit on the total cross-section of such a bump at 1.8 TeV
in the dijet final state is now about 0.1 pb.
In a recent search for narrow high-mass resonances decaying into e+e− or µ+µ−
final states in about 1.1 per fb of proton-proton collisions at 7 TeV c.o.m. energy, with
each lepton having transverse momentum pT > 25 GeV, ATLAS found no significant
excess above the SM background in the search region from about 110 GeV to 2 TeV
[129]. The signal acceptances were around 65% for electrons and 40% for muons, and
from Figure 1 of this article, the SM background in the e+e− final state from about
120 GeV to 2 TeV is roughly:
dσ
d
(
me+e−
TeV
)
∣∣∣∣∣∣
ATLAS
≃ 6.0
(
me+e−
TeV
)−5.14
fb, (88)
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and the SM background in the µ+µ− final state is roughly the same.
In a recent search for evidence of ADD large flat extra dimensions [1, 2, 3] in the
µ+µ− final state in about 1.2 per fb of proton-proton collisions at 7 TeV c.o.m. energy,
with each muon having transverse momentum pT > 35 GeV, CMS found no significant
excess above the SM background in the search region from about 120 GeV to 3 TeV
[69]. The simulated reconstruction efficiency for high mass Drell-Yan dimuon events
in the selected acceptance range was above 90%, and from Figure 1 of this article, the
SM background from about 120 GeV to 2 TeV is roughly:
dσ
d
(mµ+µ−
TeV
)
∣∣∣∣∣∣
CMS
≃ 4.4
(
mµ+µ−
TeV
)−5.60
fb. (89)
In a recent search for evidence of ADD or Randall-Sundrum extra dimensions [64] in
the diphoton final state in 2.2 per fb of proton-proton collisions at 7 TeV c.o.m. energy,
with each photon having transverse energy ET > 70 GeV, CMS found no significant
excess above the SM background in the search region from about 150 GeV to 2 TeV
[132]. The corresponding diphoton reconstruction and identification efficiency was
about 76%, and from Figure 1 of this article, the SM background from about 150 GeV
to 2 TeV is roughly:
dσ
d
(
mγγ
TeV
)
∣∣∣∣∣∣
CMS
≃ 2.1
(
mγγ
TeV
)−5.31
fb. (90)
In a recent search for evidence of ADD or Randall-Sundrum extra dimensions in the
diphoton final state in 2.12 per fb of proton-proton collisions at 7 TeV c.o.m. energy,
with each photon having transverse energy ET > 25 GeV, ATLAS found no significant
excess above the SM background in the search region from about 150 GeV to 2 TeV
[72]. The selection efficiency for events within the detector acceptance was about 70%,
and from Figure 1 of this article, the SM background from about 150 GeV to 2 TeV is
roughly:
dσ
d
(
mγγ
TeV
)
∣∣∣∣∣∣
ATLAS
= 4.3
(
mγγ
TeV
)−5.25
fb. (91)
Let t denote one of the types of mode for which there might be a sufficiently large
number of approximately degenerate modes of intrinsic mass ≃ m¯t for them to produce
a bump in the above cross-sections if they were produced in the s-channel at the LHC.
Thus t denotes either the harmonic 3-forms CABC of intrinsic mass m¯3f ≃ 0.2, or the
lightest generic classically massive modes of one of the types Cµνσ, CµνA, CµAB, sµν ,
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hAA, and hµA, with classical intrinsic masses 3, 2, 1, 3, 3, and 2 respectively, or the
lightest generic modes of tAB, which from the discussion after (65) would be tachyonic
unless the last two terms in (64) lift their squared masses sufficiently. The much larger
intrinsic mass ≃ 9 calculated after (67) for the dilaton/radion mode of hAA, which is
classically massless, suggests that when the contributions of the Γ
(8,bos)
SG term (4) in
(2) are included, the intrinsic masses of all modes other than the harmonic 3-forms,
harmonic 2-forms, and harmonic 1-forms might be ∼ 8 or more.
The harmonic 2-forms and harmonic 1-forms, and also any other non-generic modes,
sometimes called supercurvature modes [120], such as the light modes in the far-from-
isotropic closed hyperbolic 7-manifolds considered in the paragraph after (42), whose
classical squared intrinsic masses are less than the minimum value of the classical
squared intrinsic mass of the corresponding type of mode on uncompactified H7, are
expected to be too few in number to be seen at the LHC.
If the actual number of approximately degenerate modes of type t and intrinsic
mass ≃ m¯t is Nt = xtNWeyl,m¯t , where xt is expected from the discussion before (87)
to be < 1 except for the harmonic 3-form modes, the estimated total cross-section for
proton + proton → any mode of type t + X → f + X is by (84) obtained from the
reference estimate (87) by multiplying by x2t . Thus for f = e
+ + e−, the requirement
that the total cross-section for this process, spread over a peak of width µt centred
at me+e− = mt, should be less than (88), gives on using P = 3.5 TeV and 1fb=
2.569× 10−6 TeV−2:
x2t m¯
18
t ln
2.1 TeV
mt
< 0.01
µ2t
m2t
(
mt
TeV
)0.20
(92)
in order of magnitude, which would have applied from about 120 GeV to 2 TeV if
the statistics had been sufficient. However the total number of background events
expected for me+e− > 1 TeV is only about 1, so the limit from [129] is weaker than
(92) for mt > 1 TeV.
For the harmonic 3-forms, the reference estimate of the number N of modes is
N3-form,ref = 0.06
V¯7
lnV¯7
, which for V¯7 ∼ 1034 is ≃ 4× 106NWeyl,0.2, so if the actual number
of approximately degenerate harmonic 3-form modes of intrinsic mass m¯3f ≃ 0.2 is
N3f = x˜3fN3-form,ref, the limit (92) becomes:
x˜23f ln
2.1 TeV
m3f
< 0.01
µ23f
m23f
(
m3f
TeV
)0.20
(93)
in order of magnitude.
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The logarithmic factor in the left-hand sides of (92) and (93) decreases from about 3
atmt ≃ 120 GeV to 0 atmt = 2.1 TeV, so allowing for the low statistics formt > 1 TeV,
the limits from the search [129] are that ifm3f or an mt lies in the range from about 120
GeV to about 1.5 TeV, then the corresponding adjustment factor x˜3f = N3f/N3-form,ref
or xt = Nt/NWeyl,m¯t is bounded in order of magnitude by:
x˜3f < 0.1
µ3f
m3f
, xtm¯
9
t < 0.1
µt
mt
. (94)
The limits (94) give absolute bounds in order of magnitude on the adjustment factors
x˜3f and xt if the corresponding mass m3f or mt lies in the range from about 120 GeV to
about 1.5 TeV, since µt
mt
≤ 1 in order of magnitude, and for t other than the harmonic
3-forms, the intrinsic mass m¯t seems likely to be larger than 1, and possibly as large
as ∼ 8 or more.
The backgrounds (89), (90), and (91) are equal in order of magnitude to the back-
ground (88) at corresponding final state masses mf , and cover roughly the same range
of mf from about 120 GeV to about 2 TeV, and the corresponding searches have the
same lack of statistics for mf above 1 TeV as the search [129]. Thus the limits from
the searches [69], [132], and [72] are also that if m3f or an mt lies in the range from
about 120 GeV to about 1.5 TeV, then the corresponding adjustment factor x˜3f or xt
is bounded in order of magnitude by (94).
If the order of magnitude bound x˜3f < 0.1 was not satisfied, and x˜3f was also
sufficiently large for m3f < 120 GeV to be excluded by earlier searches, for example at
the Tevatron and LEP, then sincem3f ≃ 0.2AB from subsection 2.1.1, where the constant
A in the metric ansatz (14) lies between about 0.7 and 0.9, from the discussion following
(38), and the best value of the constant B in the metric ansatz (14) is B ≃ 0.28κ2/911 ≃
1.2M−111 , from subsection 1.1,m3f > 1.5 TeV would implyM11 > 10 TeV, corresponding
to κ
−2/9
11 > 2.3 TeV, which is a stronger limit than the current experimental lower bound
onM11 for 7 flat extra dimensions, which is roughlyM11 ≥ 2.3±0.7 TeV, corresponding
to κ
−2/9
11 ≥ 0.55± 0.2 TeV [65, 66, 67, 68, 69, 70, 71, 73, 74, 75].
If m3f is smaller than about 300 GeV, and x˜3f satisfies (94) if m3f > 120 GeV,
and is sufficiently small to have allowed the harmonic 3-form modes to have escaped
discovery at the Tevatron, and at LEP if m3f < 209 GeV, then mt could be under
1.5 TeV for some of the other types of mode, if the second bound in (94) is satisfied
for that t. From the discussion before (87), it seems likely that for t other than the
harmonic 3-forms, a better estimate of the number Nt of modes than NWeyl,m¯t might
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be N
Weyl,
√
m¯2t−m¯20
for some m¯0 < m¯t, where NWeyl,m¯ was defined in (85). Then the
second bound in (94) becomes:
(
m¯2t − m¯20
) 7
2 m¯2t < 0.1
µt
mt
. (95)
This form of the bound cannot be used if t denotes the lightest generic modes of tAB,
which would be tachyonic unless the last two terms in (64) lift their squared masses
sufficiently, but if t denotes the lightest generic classically massive modes of one of
the remaining types Cµνσ, CµνA, CµAB, sµν , hAA, and hµA, whose classical intrinsic
masses
√
m¯2t − m¯20 lie in the range 1 to 3, then it implies that mt > 1.5 TeV. If we
then assume that for at least one of these types of mode, mt is not much larger than
the mass mdil of the dilaton/radion mode of hAA, which from the paragraph after (67)
is ≃ 9A
B
, we find M11 > 0.2 TeV, which corresponds to κ
−2/9
11 > 50 GeV. This then
implies m3f ≃ 0.2AB > 30 GeV. These limits do not depend on the value of x˜3f .
The tachyonic m¯2 at the bottom of the m¯2 spectrum of the generic modes of tAB,
when the last two terms in (64) are neglected, is ≃ −4 from the discussion after (65), so
if the last two terms in (64) contribute a term ∼ m¯2dil ≃ 80 to m¯2 for tAB, the lightest
generic modes of tAB will not be much lighter than the lightest generic classically
massive modes of the other types other than CABC , so will also be heavier than around
1.5 TeV.
Thus it seems likely that if modes decaying along the beam line outside the interaction
region are to be observable at the LHC with 7 TeV or 8 TeV c.o.m. energy, these modes
must be the CABC harmonic 3-form modes whose mass was approximately calculated
in subsection 2.1.1 as m3f ≃ 0.2AB , and whose number is N3f = x˜3fN3-form,ref , where
N3-form,ref = 0.06
V¯7
lnV¯7
from the discussion before (87), and x˜3f satisfies the first bound
in (94) in order of magnitude. These modes are pseudo-scalars along the extended
dimensions, and were shown in subsection 2.1.2 to have axion-like couplings to the SM
gauge bosons.
For these modes, the estimates in subsection 3.1 can be put on a slightly firmer
foundation. Let H¯n be a closed hyperbolic n-manifold, n ≥ 2, and H¯p be a closed
p-manifold that is embedded as a minimal-area p-cycle in H¯n, where 1 ≤ p ≤ n − 1,
and H¯p is closed hyperbolic for p ≥ 2. Near H¯p we can choose the coordinates on H¯n
to be x¯A = (xˆa, θi, y¯), where xˆa are coordinates on H¯p, θi are coordinates on the unit
(n− p− 1)-sphere, and y¯ is the intrinsic geodesic distance from H¯p. The metric is:
ds2n = B
2g¯ABdx¯
Adx¯B = B2
(
cosh2y¯ gˆabdxˆ
adxˆb + sinh2y¯ g˘ijdθ
idθj + dy¯2
)
, (96)
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where gˆab is a metric on H¯
p of sectional curvature −1, and g˘ij is a metric on the unit
(n− p− 1)-sphere.
Let ωA1...Ap be a harmonic p-form on H¯
n that coincides with the p-volume form on
H¯p at y¯ = 0, and does not closely coincide with a nonzero multiple of the p-volume form
on any other minimal-area p-cycle in H¯n. The integral
∫
dxˆa1 . . . dxˆapωa1...ap (xˆ, θ, y¯) at
fixed θi and y¯ is independent of the θi and y¯ by the generalized Stokes’s theorem [133],
so for y¯ up to the smallest value at which a point of H¯n has two different representations
in these coordinates, ωa1...ap (xˆ, θ, y¯) will be approximately independent of the θ
i and
y¯. If H¯n has intrinsic diameter substantially larger than 1 and is reasonably isotropic,
in the sense that it has an approximately spherical Dirichlet domain in n-dimensional
hyperbolic space Hn, then ωa1...ap (xˆ, θ, y¯) could be approximately independent of the
θi and y¯ up to values of y¯ that are substantially larger than 1. In that case the integral∫
H¯n d
nx¯
√
g¯g¯A1B1 . . . g¯ApBpωA1...ApωB1...Bp will be approximately equal to the contribution
to it from the region with y¯ less than about 2 or 3 if 2p > n− 1, since the factor e−2py¯
from the inverse metrics then outweighs the factor e(n−1)y¯ in
√
g¯ for y¯ larger than about
1, so for 2p > n − 1 the harmonic p-form ωA1...Ap is effectively localized in a region of
intrinsic half-thickness y¯ ∼ 1 centred at H¯p.
The case p = 3, n = 7 is on the borderline where this form of geometric localization
just fails to occur. If we convert the coordinate indices of ωA1A2A3 to local Lorentz in-
dices by contraction with a vielbein e¯ABˆ, where hatted indices are local Lorentz indices
and δCˆDˆe¯ACˆ e¯
B
Dˆ = g¯
AB, then the coordinate scalar ωAˆ1Aˆ2Aˆ3 has the same y¯-dependence
e−3y¯ for moderate y¯ > 1 as the amplitude of the spherically symmetric eigenmodes of
the Laplace-Beltrami operator on uncompactified H7 [123, 124]. However the effec-
tive rate of decrease of ωAˆ1Aˆ2Aˆ3 with increasing y¯ is expected to be more rapid than
e−3y¯ due to Anderson localization, which is an interference effect in which waves fail
to propagate in a disordered medium, due to interference between multiple scattering
paths [122, 134, 135, 136].
The Ioffe-Regel criterion for Anderson localization of single-particle wavefunctions
in a disordered potential is that wavefunctions are localized when the mean free path
between scatterings is smaller than the wavelength [122, 137]. The harmonic 3-forms
are classically massless, so if H¯7 is reasonably isotropic, their intrinsic wavelength on
H¯7 is roughly the intrinsic diameter L¯7 of H¯
7. The classical dynamics of a free particle
in a compact hyperbolic space is strongly chaotic, and the Gutzwiller trace formula,
which gives the semiclassical correspondence for classically chaotic systems and relates
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a set of periodic orbits along closed geodesics to a set of energy eigenstates, becomes
for compact hyperbolic spaces an exact relation known as the Selberg trace formula
[120, 138, 139]. Thus it seems likely that both classically and quantum mechanically,
the effective mean free path between scatterings on H¯7 will be at most L¯7, so that
harmonic 3-forms on H¯7 will behave roughly as e
−
(
3+ 1
L¯loc
)
y¯
for y¯ > 1, where L¯loc > 0
is the intrinsic localization length.
The intrinsic diameter L¯3 of a minimal-area 3-cycle H¯
3 in H¯7 cannot be more than
the intrinsic diameter L¯7 of H¯
7, so if H¯3 is reasonably isotropic, it cannot have intrinsic
3-volume V¯3 greater than ∼ e(3−1)L¯7/2, from page 9 of [20]. For L¯7 ≃ 28, from the
discussion following (41), on page 14, this gives V¯3 not above ∼ 1012, so that the
intrinsic 7-volume of the region of H¯7 within intrinsic distance y¯ < 1 from H¯3 is not
above ∼ 1012, which is very small in comparison to the intrinsic 7-volume V¯7 ∼ 1035 of
H¯7, if κ
−2/9
11 is comparable to its current experimental lower limit. Thus for a rough
first approximation we can treat H¯3 as a point, and y¯ as the intrinsic geodesic distance
from that point, and to this approximation the behaviour e
−
(
3+ 1
L¯loc
)
y¯
of the harmonic
3-forms is the behaviour assumed in subsection 3.1.
The radio-frequency (RF) cavities that accelerate the protons in the LHC beams
operate at 400 MHz, so the separation between adjacent RF “buckets” is 2.5 ns, which
corresponds to a separation of 75 cm in the laboratory frame [140]. The r.m.s. length of
the bunch of protons in a single RF bucket is 7.5 cm in the laboratory frame [140, 141],
and during the 2011 proton-proton runs, one RF bucket in 20 was actually filled with
a bunch, so the actual separation between adjacent bunches was 15 metres in the
laboratory frame. This is also the planned separation between adjacent bunches for
the 2012 proton-proton runs, for which the energy of a proton in one of the beams is
to be 4 TeV [142].
From page 44 of [140], the r.m.s. beam radius at the interaction point (IP) of one
of the two principal experiments was initially planned to be 16µm, with the r.m.s.
divergence of a beam at the IP set at 32µrad, and the crossing angle set at 200µrad.
Thus the collisions would take place in the middle 7.5 cm of a beam crossing region
of length about 32 cm, that is about 32µm in diameter at its centre, and tapers to a
point at each end. ATLAS and CMS appear to use approximately these parameters
[143, 144, 145, 141], except that from page 273 of [141], the crossing angle in CMS is
285 µrad, and from pages 2 to 3 of [146], the crossing angle in ATLAS might also be
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285 µrad. Thus in both ATLAS and CMS, the collisions take place in an approximately
cylindrical region of diameter ≃ 32µm and length ≃ 7.5 cm centred at the IP, and the
experiments must detect jets and charged leptons emitted from any point in this region,
so as not to waste part of the available luminosity.
In practice during 2011 ATLAS appears to have imposed a cut requiring the distance
|z| along the beam line from the primary interaction vertex to the IP to be less than
20 cm for inclusive final states or final states containing muons, in order to reduce
the background from cosmic ray muons [147, 148, 149, 128], and CMS has sometimes
imposed a cut requiring |z| < 12 cm to reduce the background from cosmic ray muons
[130], while for dijet final states, ATLAS does not appear to impose any cut on |z|
[150, 151, 152, 131], although in practice a limit of roughly |z| < 6 cm might arise from
finding the event vertex or vertices using tracks that originate in the beam collision spot
[153], since for 7 TeV c.o.m. energy, the z-distribution of primary interaction vertices
is a Gaussian with σ ≃ 2.2 cm [154]. For a rough estimate at 7 TeV or 8 TeV c.o.m.
energy, I shall treat the interaction region as extending for 6 cm in each direction along
the beam line from the IP.
The ATLAS Inner Detector is 7 metres in length along the beam line [143], and
the CMS Inner Tracking System is 5.4 metres in length along the beam line [141].
The central barrel part of the ATLAS Inner Detector is 1.6 metres in length, with the
remainder of the length of the Inner Detector consisting of two identical end caps, and
the CMS Tracker Inner Barrel is 1.3 metres in length, surrounded by the Tracker Outer
Barrel which is 2.2 metres in length. From page 24 of [146], the ATLAS detector is
capable of measuring the z values of tracks roughly perpendicular to the beam line
up to at least |z| = 1 metre, and thus beyond the central barrel part of the ATLAS
Inner Detector, and from page 3 of [130], CMS is capable of reconstructing tracks from
decays that occur up to 50 cm from the beam line, although with significantly less
than 100% efficiency. I shall assume that both ATLAS and CMS can approximately
measure the z values of tracks roughly perpendicular to the beam line, over the whole
length of their Inner Detector or Inner Tracking System, although with substantially
less than 100% efficiency for finding tracks at the larger |z| values.
For a reference estimate I shall consider the ATLAS Inner Detector, and thus con-
sider modes that decay along the beam line at a distance between 6 cm and 3.5 metres
from the IP. From (69) and (70), on page 32, the fraction of the harmonic 3-form modes,
of intrinsic mass m¯3f ≃ 0.2, that decay further than a distance z ≫ lmin ∼ 10−19 metres
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along the beam line from the IP, is approximately
(
lmin
z
) 1
3L¯loc+1 ∼
(
10−19 metres
z
) 1
3L¯loc+1 ,
for L¯loc > 1, where L¯loc is the intrinsic localization length of the harmonic 3-forms on
H¯7. For reasonably isotropic H¯7, whose intrinsic diameter L¯7 would from the dis-
cussion following (41), on page 14, be about 28, if κ
−2/9
11 and M11 are close to their
current experimental lower limits, for 7 flat extra dimensions, of about 0.55 TeV and
2.3 TeV respectively, L¯loc would be expected, from the above discussion of Anderson
localization, to be somewhere in the range from about 4 to about 28. Let
f0.06,3.5
(
L¯loc
)
≡
(
10−19 metres
0.06 metres
) 1
3L¯loc+1 −
(
10−19 metres
3.5 metres
) 1
3L¯loc+1
(97)
be the fraction of the harmonic 3-form modes that decay between 6 cm and 3.5 metres
along the beam line from the IP. We then find the values:
L¯loc 1 2 4 8 12 16 20 24 28
f0.06,3.5 0.000023 0.0013 0.012 0.029 0.034 0.035 0.033 0.031 0.029
Thus for L¯loc throughout most of the expected range, f0.06,3.5
(
L¯loc
)
≃ 0.03, and
this is valid within a factor of 3 throughout the whole expected range. Thus from (87)
and the following discussion, on page 38, with m¯ = 0.2, and the discussion around (92)
and (93), on page 41, we obtain:
σ (prot + prot→ any n+X → f +X)0.06,3.5 ∼ 10−5
x˜23f
µ3fm3f
(
P
m3f
)2.34
ln
0.6P
m3f
, (98)
as an order of magnitude estimate of the cross section for a harmonic 3-form mode
of intrinsic mass m¯3f ≃ 0.2 and mass m3f = m¯3f AB < 0.6P to be produced in the
s-channel and decay between 0.6 cm and 3.5 metres along the beamline from the IP,
where the number of approximately degenerate harmonic 3-form modes of intrinsic
mass m¯3f ≃ 0.2 is N3f = x˜3fN3-form,ref = x˜3f 0.06 V¯7lnV¯7 , P is the energy per proton, which
was 3.5 TeV at the LHC in 2011, and is to be 4.0 TeV at the LHC in 2012 [142], the
warp factor A lies between about 0.7 and 0.9, from the discussion between (38), on
page 13, and (39), on page 14, the curvature radius B of H¯7 is B ≃ 0.28κ2/911 , from
subsection 1.1, starting on page 9, and if m3f lies in the range from about 120 GeV to
about 1.5 TeV, then x˜3f is bounded in order of magnitude by x˜3f < 0.1
µ3f
m3f
, from (94),
on page 42. µ3f is the width of the distribution of the masses of the harmonic 3-form
modes, which was assumed in subsection 3.2, starting on page 33, to be ≥ Γn for all
the harmonic 3-form modes |n〉, where Γn is the total width of the mode |n〉, in order
to derive the total cross-section estimate (87), on page 38.
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Figure 1: Comparison of exponential and power dependence on z, for z ≥ 0.06
Using 1 TeV−2 = 0.3893 nb and the limit (94), (98) becomes:
σ (prot + prot→ any n+X → f +X)0.06,3.5 <
µ3f
m3f
(
m3f
TeV
)−4.34
fb, (99)
as an order of magnitude upper limit on the cross-section for a harmonic 3-form mode
of mass ≃ m3f to be produced in the s-channel and decay between 6 cm and 3.5 metres
along the beam line from the IP, for P = 3.5 or 4 TeV per proton, and m3f between
about 120 GeV and 1.5 TeV. Thus if x˜3f is at the upper limit allowed by (94), and
µ3f ∼ m3f , then at the LHC design luminosity of 10 per nb per second [140], there would
be about 0.1 such events per second if m3f is 120 GeV, and about 10
−6 such events
per second if m3f is 1.5 TeV, and if the LHC delivers the expected 15 to 19 per fb to
ATLAS and CMS during 2012 [142], there would be about 105 such events in ATLAS
and CMS during 2012 if m3f is 120 GeV, and about 1 such event in ATLAS and CMS
during 2012 if m3f is 1.5 TeV.
Figure 1 shows the z-dependence z
− 3L¯loc+2
3L¯loc+1 of the number of harmonic 3-form modes
decaying between distances z and z+dz along the beam line from the IP, for 6 cm ≤ z ≤
3.5 metres and fixed dz, normalized to 1 at z = 6 cm, for L¯loc = 16, 4, and 1, together
with an exponential curve that matches the limiting case of large L¯loc at z = 6 cm
and z = 3.5 metres. This figure shows that the power-law z-dependence could be
distinguished from a single exponential with a relatively small number of events, but
it could be difficult to distinguish different values of L¯loc in the relevant range of about
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4 ≤ L¯loc ≤ 28, even with the ∼ 105 events expected during 2012 if m3f is 120 GeV.
The principal backgrounds to this process are beam-induced backgrounds and cos-
mic-ray showers [146]. Beam-induced backgrounds are due to proton losses upstream
of the IP. These result in cascades of secondary particles that fly through the detectors
almost parallel to the beam line. The cosmic-ray showers are produced by cosmic rays,
mostly protons and heavier nuclei, colliding with atoms in the Earth’s atmosphere,
and muons produced in these showers can penetrate down to the ATLAS and CMS
detectors, which are situated in caverns about 100 metres underground [155]. The
cosmic ray muons that reach ATLAS come mostly from above, and arrive mainly via
two large access shafts that were used for the detector installation [156].
The harmonic 3-form modes are pseudo-scalars along the 3+1 extended dimensions,
so their decay is isotropic in their rest frame. Their decay products will be boosted in
the direction away from the IP in the laboratory frame, so the background from both
beam-induced backgrounds and cosmic-ray muons could be reduced by selecting events
where at least 2 charged leptons or 2 jets originate from a primary vertex that is at
least 6 cm from the IP along the beam line, but within a few mm of the beam line in
the transverse directions, with no missing transverse momentum, and a significant net
longitudinal momentum in the direction away from the IP.
The initial, hardware-based stages of the ATLAS and CMS trigger systems use
information only from the from the muon systems and calorimeters, so they accept
events of this type. Approximate track reconstruction is not carried out until the
later, software-based stages of the trigger systems, which can use the high-resolution
position data from the inner detectors, in addition to the data from the muon systems
and calorimeters [143, 141, 154, 157]. From the discussion before equation (97) above,
ATLAS and CMS are able to reconstruct approximately the tracks from primary in-
teraction vertices up to around 50 cm to 1 metre from the IP along the beam line,
and their high-level triggers can accept and store these events for offline analysis. If
sufficient rejection of the beam-induced backgrounds and the cosmic ray background
could be achieved without reducing the signal too much, and x˜3f is at the upper limit
allowed by (94), and µ3f ∼ m3f , then the order of magnitude estimate (99) suggests that
a 5-sigma discovery of the harmonic 3-form modes decaying more than 6 cm along the
beam line from the IP could be achieved in 2012, if their central mass m3f is not more
than about 900 GeV, which corresponds roughly to κ
−2/9
11 < 1.6 TeV andM11 < 7 TeV.
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